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STATICALLY TAME PERIODIC HOMEOMORPHISMS OF
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HOMEOMORPHISMS CONJUGATE TO ROTATIONS OF
THE 3-SPHERE!

BY
EDWIN E. MOISE

To David Beres

ABSTRACT. Let f be a homeomorphism of the 3-sphere onto itself, of finite
period n, and preserving orientation. Suppose that the fixed-point set F of f
is a tame l-sphere. It is shown that (1) the 3-sphere has a triangulation
K (S?) such that F forms a subcomplex of K(S%) and f is simplicial relative
to K(S®). Suppose also that F is unknotted. It then follows that (2) f is
conjugate to a rotation.

1. Statement of results. The following question has been proposed by R. H.
Bing [B,]. Let f: R* & R® be a periodic homeomorphism of Cartesian 3-space
onto itself, with a straight line as its fixed-point set. Does it follow that f is
conjugate to a rotation? We shall show that this conclusion does follow, if we
assume also that f preserves orientation, or that the period of f is a prime. See
Theorems 1.5 and 1.6 below. In the sequel to the present paper, we shall show
that Bing’s conjecture is true in general.

By an n-manifold we mean a separable metric space M in which each point
has a neighborhood homeomorphic to Cartesian n-space R". Thus M is not
necessarily compact or connected. If M is separable and metric, and each
point has a neighborhood which is an n-cell, then M is an n-manifold with
boundary. Int M is the set of all points of M that have open Cartesian
neighborhoods, and Bd M is the set of all points of M that do not.

Let M be a 3-manifold, and let 4 be a subset of M. Suppose that there is a
triangulation K of M, and a homeomorphism h: M < M, such that h(4) is a
polyhedron relative to K. Then A is tame. (For a general definition of a
polyhedron, see the discussion just before Theorem 3.3 below.) By the
Hauptvermutung [My], this condition is independent of the choice of K, and
so the above definition of tameness agrees with the classical definition, due to
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Artin and Fox [FA], for the cases in which M is R? or the 3-sphere S°.

THEOREM 1.1. Let M be a connected 3-manifold which is a subspace of S°.
Let f: M < M be a homeomorphism of period n, preserving orientation and with
fixed-point set F. Suppose that F is a 1-sphere which is the boundary of a tame
2-cell D C S, and that f has period exactly n at each point of M — F. Let Pr:
M —> Q be the projection of M onto the orbit space Q of f. Then Q is a
3-manifold, and Pr F is tame in Q.

This is Theorem 11.8 below.

Let f: M < M be a periodic homeomorphism of a 3-manifold M onto
itself. If for each i, the fixed-point set F; of f' is tame, then f is statically tame.
(Thus the f of Theorem 1.1 is statically tame, since for each i > 0 we have
F, = F.) If M has a triangulation K (M) relative to which f is simplicial, then
f is tame. In the sequel to the present paper, it will be shown that if M is
compact and connected, and f is statically tame, then f is tame. Theorem 1.1
is, in effect, a special case of this proposition, as the following theorem shows.

THEOREM 1.2. Under the conditions of Theorem 1.1, M has a triangulation
K (M) such that F forms a subcomplex of K(M) and f is simplicial relative to
K(M).

This is a consequence of Theorem 1.1. Let U = M — F, and let p = Pr|U:
U—> U C %, so that p is an n-sheeted covering. We know that Pr F is tame
in Q. Let K() be a triangulation of € in which Pr F forms a subcomplex,
such that if 0 € K(R), and o N Pr F # &, then o N Pr F is a face of 0. Let
K(M) be the lifting of K(2) to M. (To be exact, the simplices of K(M) are the
sets Pr-'o (0 € K(2), 6 C F) and the closures of the components of the
nonempty sets Pr=!(c — Pr F) (o6 € K(R)).) Then f is simplicial relative to
K(M).

THEOREM 1.3. Let f be a periodic homeomorphism S® <« S, of period n,
preserving orientation, and suppose that the fixed-point set F of f is a 1-sphere.
Then f has period exactly = n at each point of S* — F.

The proof is in §2.
A tame 1-sphere in a 3-manifold M is unknotted if it is the boundary of a
tame 2-cell.

THEOREM 1.4. Let K (M) be a triangulation of a 3-manifold M, and let F be
an unknotted 1-sphere which is polyhedral relative to K(M). Then F is the
boundary of a 2-cell D which is polyhedral relative to M.

The proof is in §12.
It was shown in [M] that if f: S* < S? is a homeomorphism of period n,
preserving orientation, and simplicial relative to some triangulation of S?,
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with an unknotted polygon as its fixed-point set, then f is conjugate to a
rotation. (For a simpler proof, see P. A. Smith [S,].) Thus the preceding three
theorems fit together to give the following.

THEOREM 1.5. Let f be a periodic homeomorphism S® <S>, preserving
orientation, and suppose that the fixed-point set of f is a tame unknotted
1-sphere. Then f is conjugate to a rotation.

Obviously this is a restatement of Bing’s conjecture, for the case in which
orientation is preserved.

THEOREM 1.6. Let f be a homeomorphism S*® <S>, of prime period p, and
suppose that the fixed-point set of f is a tame unknotted 1-sphere. Then f is
conjugate to a rotation.

To reduce this to Theorem 1.5, we need to show that the f of Theorem 1.6
preserves orientation. If p is odd, this is clear: if f reversed orientation, then
every odd power of f would reverse orientation, which is impossible, because
f? is the identity. We suppose, then, that p = 2. It has been shown by Glen E.
Bredon that if #: N « N is an involution of a compact connected n-manifold,
and H is a component of the fixed-point set of h, then n — dim H is even if
and only if G preserves local orientation at some point of H. (See Borel [B,, p.
79] or Bredon [Bg].) In the present case, n — dim H = 3 — 1. Since f pre-
serves local orientation at some point, f preserves orientation, as desired.

2. Proof of Theorem 1.3. A classical result of P. A. Smith ([S,, p. 708])
asserts that if 2: S* & S? preserves orientation, has finite period (either prime
or composite), and has a fixed point, then the fixed-point set H of A is a
1-sphere. Given f and n as in Theorem 1.3, suppose that f has period k < n at
some point of S — F. Then k > 1, k divides n, and n = km, where | < m <
n. Let g = f*, and let G be the fixed-point set of g. Then g has period m, and
F is a proper subset of G. This is impossible, because F and G are 1-spheres.

3. PL approximations and the Loop Theorem. Here we state various known
results, some of them in modified forms.

THEOREM 3.1. Every 3-manifold is triangulable. So also is every 3-manifold
with boundary.

(See Theorem 2 of [Ms] and Theorem 9.1 of [Mg]. See also Bing [B,].)

For each complex K, |K| denotes the associated polyhedron. We shall need
to observe the distinction between these, because often we shall be dealing
with different triangulations K,(S), K,(S) of the same space S, in cases where
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there is no PL relation between K,(S) and K,(S). If |K| is a manifold (or a
manifold with boundary), then K will be called a PL manifold (or a PL
manifold with boundary).

Let U be a topological space, and let ¢ be a function U — R, where R is the
set of all real numbers. (Here ¢ is not necessarily continuous.) Suppose that
for each compact subset 4 of U there is an ¢, > 0 such that ¢(P) > ¢, for
each P € A. Then ¢ is strongly positive. Evidently every positive mapping is
strongly positive. In a metric space, d(P, Q) denotes the distance between P
and Q.

THEOREM 3.2. Let K and K’ be PL 3-manifolds, let U be an open set in |K|,
let g be a homeomorphism U — |K'|, and let ¢ be a strongly positive function
U — R. Then there is a homeomorphism g': U — |K’| such that

(1) g’ is PL on every finite polyhedron in U (relative to subdivisions of K and
K",

(2) For each point P of U, d(g(P), g'(P)) < (P), and

(3) g'(U) = g(V).

This is Theorem 36.1, p. 253 of [MGT]. In the early literature, starting with
[M3], this theorem was freely used but never proved; it was not shown that g’
could be chosen so that g’'(U) = g(U).

Let K be a complex, and let S be a subset of |K|. Suppose that S has a
triangulation K (S) such that every simplex of K(S) is a linear subsimplex of
some simplex of K. Then S is a polyhedron, relative to K. If S is compact, then
each such K (S) is finite, and S is a finite polyhedron, relative to K. If S is a
polyhedron relative to K, and is closed, then S forms a subcomplex of a
subdivision of K, but for polyhedra in general this conclusion does not follow.

THEOREM 3.3. Let K be a PL 3-manifold, let U be an open subset of | K|, let
S be a subset of U, and suppose that U has a triangulation K(U) in which S
Sforms a subcomplex K (S). Let ¢ be a strongly positive function U — R, and let
V be an open set such that S C V C U. Then there is a homeomorphism g:
|K| <> | K| such that (1) g(S) is a polyhedron relative to K, (2) for each point P
of U, d(P, g(P)) < ¢(P), and (3) g|(|K| — V) is the identity.

This is a variation on Theorem 5 of [Ms]. (Similarly for Theorem 3.4
below.) It is an easy consequence of Theorem 3.2. Define ¢’ as a strongly
positive function ¥ — R such that (a) ¢'(P) < ¢(P) for every P and (b) for
each P, ¢'(P) is less than the distance between P and |K| — V. We can now
apply Theorem 3.2 to the inclusion i: Ve V, P — P, using K(U) as K, K as
K’, and ¢’ as ¢. By (b), the resulting PL approximation i’ can be extended to
|K| — V as the identity.

In a PL 3-manifold K, a set S is tame (relative to K) if there is a
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homeomorphism |K| <> |K|, mapping S onto a polyhedron (not necessarily a
finite polyhedron). If there is an open set U containing S, and a
homeomorphism U — |K|, mapping S onto a polyhedron, then S is semi-
locally tame. In the latter case it follows that U has a triangulation K(U)
relative to which S is a polyhedron. Thus Theorem 3.3 implies the following.

THEOREM 3.4. In a PL 3-manifold, every semi-locally tame set is tame. In
Jact, if S is semilocally tame in K, and V is an open set containing S, then there
is a homeomorphism g: |K| < |K| such that (1) g(S) is a polyhedron relative to
K and (2) g|(|K| — V) is the identity.

Here it is not required that S be compact, or even closed.

THEOREM 3.5 (THE Loop THEOREM, FIRST FORM; CH. PAPAKYRIAKOPOU-
LOS). Let K be an orientable PL 3-manifold with boundary, and let M = |K|. If
there is a PL loop in Bd M which is contractible in M but not in Bd M, then
there is a PL 2-cell A such that (1) BdA =A N Bd M and (2) Bd A is not
contractible in Bd M.

Here a loop is a closed path without a distinguished base-point, that is, a
mapping of a 1-sphere into a space. For proofs, see Papakyriakopoulos [P]
and Stallings [St]. See also [MGT, pp. 182-190], where Stallings’ proof is
presented. This proof does not use orientability. The resulting generalized
form of the Loop Theorem has the following consequence.

THEOREM 3.6 (THE LooP THEOREM, SECOND FORM). Let K be a PL
3-manifold, let M = |K|, and let M?* be a connected polyhedral 2-manifold
which is a closed set in M3, such that M? is 2-sided in M. Suppose that there is
a PL loop in M? which is contractible in M but not in M?. Then there is a PL
2-cell A in M such that (1) Bd A = A N M? and (2) Bd A is not contractible in
M2

Here M? is 2-sided in M> if M? separates a connected open neighborhood
of M2 It is easy to show, geometrically, that under these conditions, if U is
such a connected neighborhood of M2, then U — M? has exactly two
components. Theorem 3.5 is simply a combination of Theorems 26.4 and 26.5
of [MGT]. If M? is the boundary of a polyhedral 3-manifold with boundary
in M3, then M? is always 2-sided in M?>, regardless of any question of
orientability [MGT, Theorem 26.1, p. 191].

Note that in Theorem 3.5, M? is not required to be compact.

4. Solid tori and toroidal shells. Of the results in this section, some are old,
some must be folklore, and some may be new.

THEOREM 4.1. Let M? be a polyhedral 2-manifold, in a PL 3-manifold K. Let
D be a polyhedral 2-cell in M?, and let h be a PL homeomorphism M? < M?,
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such that h|(M?* — D) is the identity. Let C be a polyhedral closed neighborhood
of Int D. Then h can be extended so as to give a PL homeomorphism h’:
|K| & |K| such that K'|(|K| — C) is the identity.

See [MGT, Theorem 27.1, p. 197].
Hereafter in this section, S will be a polyhedral solid torus, with Bd S = T.
Let J be a 1-sphere in Int S. If there is a homeomorphism

¢ AXS'oS

(where A is a 2-cell and S' is a 1-sphere), such that (P X S') = J for some
P € Int A, then J is a spine of S. The following is obvious.

THEOREM 4.2. If J is a spine of S, then J carries a generator of the
Sfundamental group =(S); and if J is a polygon, then J carries a generator of the
1-dimensional homology group H (S) (with coefficients in the group Z of
integers).

By a polygon we mean a polyhedral 1-sphere. If J is a polygon in T, and J
carries a generator of H,(S), then J is longitudinal in S. If J bounds a 2-cell in
S, but does not bound a 2-cell in 7, then J is latitudinal in S.

THEOREM 4.3. Let J,, J,, . . ., J, be a collection of disjoint polygons in T. If
U, J; carries a generator of H(S), then (1) some J; is longitudinal in S and (2)
every J; either is longitudinal in S or bounds a 2-cell in T.

See [M,, Lemmas 2 and 3]. Or see [MGT, Theorem 28.8, p. 204].

THEOREM 4.4. Let A be a polyhedral annulus, and let J be a polygon in Int A.
Then (1) bounds a 2-cell in Int A or (2) J carries a generator of H\(A), and
decomposes A into two annuli A,, A,, containing the respective components of
Bd A, and intersecting in J.

This is a corollary of Theorem 27.1, p. 197 of [MGT].

THEOREM 4.5. Let J, and J, be disjoin[ polygons in T. If J, is latitudinal in S,
then (1) J, is latitudinal in S or (2) J, bounds a 2-cell in T.

INDICATION OF PROOF. Let D be a polyhedral 2-cell in S, such that
J,=Bd D =D N T. Split S apart at D. This gives a 3-cell C3, with Bd C>
the union of an annulus 4 and two homeomorphic copies of D. If J, bounds
a 2-cell in A4, then (2) holds; if not, then (1) holds.

Let J, and J, be polygons in a polyhedral orientable 2-manifold M2. If
Jy N J, consists of a finite number of “true crossing points” of J; and J,, then
J, and J, are in general position (in M?). We assign an orientation to M? (at
random). To each polygon J in M2 we can assign an orientation (at random).
This gives a l-cycle Z'(J) with constant coefficient 1. If J, and J, are in
general position, then we can distinguish positive and negative crossings of J,
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and J,. This gives the total crossing number ¢ = Cr(Z'(J,), Z'(J,)). If we
reverse the orientation of M? or J,, or J,, then c is replaced by —c.
Therefore |c| is independent of the choices of these three orientations. If
|e| = 1, then we say that J, crosses J, algebraically once.

THEOREM 4.6. Let J, and J, be polygons in T, in general position. If J, is
longitudinal and J, is latitudinal, then J,| crosses J, algebraically once (and vice
versa).

INDICATION OF PROOF. Let D be a polyhedral 2-cell in S, such that
J,=Bd D = D N T. As in the proof of Theorem 4.5, we split S apart at D,
getting a polyhedral 3-cell C3, in which T appears as an annulus 4 c Bd C>.
The components of J, N Bd C? appear as disjoint broken lines B C 4. If one
of these has both its end-points in the same component of Bd 4, then it can
be moved across Bd 4 into Int 4 by a cellular PL homeomorphism T « T;
and this homeomorphism can be extended to S. Thus this operation reduces
the number of points in J, N J,, preserving the stated properties of J, and J,.
Therefore we may suppose that each such B has its end-points in different
components of Bd 4. If there are m such broken lines, then every l-cycle
Z\(J,) (with constant coefficient 1) is homologous on S to a cycle of the form
+ mZ,, where Z; is a generator of H,(S). Since J, is longitudinal, it follows
that m = 1. The theorem follows.

THEOREM 4.7. Let J be a latitudinal polygon in S, and let J,, J,, . . ., J,, be
disjoint longitudinal polygons in S, such that J, and J are in general position in T
for each i. Then there is a PL homeomorphism g: S < S such that each polygon
g(J;) intersects J in exactly one point (which is a “true crossing point™).

INDICATION OF PROOF. When we split T apart at J, T becomes an annulus
A, and each J; appears as finite union of disjoint broken lines B. As in the
proof of the preceding theorem, the number of such broken lines can be
reduced to 1, for each i; and this can be done without increasing the total
number of points in the intersections J N J;. This can be done by a PL
homeomorphism S <> S. The theorem follows.

THEOREM 4.8. Let T be a PL torus, and let J be a polygon in T which does
not bound a 2-cell in T. Then T — J is homeomorphic to the interior of an
annulus. Thus, if T is split apart at J, giving a 2-manifold with boundary, the
result is an annulus.

INDICATION OF PROOF. Theorem 28.7, p. 204 of [MGT] asserts that if B is a
regular neighborhood of such a J in 7, then CI(T — B) is an annulus. Now
we apply Theorem 4.4 to J and the annulus B.
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THEOREM 4.9. Let S be a PL solid torus in a PL 3-manifold M C S, and let
J be a polygon in T = Bd S, such that J is contractible in M — Int S but does
not bound a 2-cell in T. Then J is longitudinal in S.

PrOOF. By Theorem 3.2 we may suppose that the imbedding M — S® is PL.
Let A be an annulus which forms a regular neighborhood of J in T, and let

N=(S*-S)ulnt4,

so that N is a 3-manifold with boundary, and Bd N = Int 4. Now J is
contractible in (M — S) U Int 4, and (M — S) U Int 4 C N. By the Loop
Theorem (first form) it follows that there is a PL 2-cell A in N, with
AN BdN =BdA, such that J’ = Bd A is not contractible in N. Using
Theorems 4.1 and 4.4 we can show that there is a PL homeomorphism
No N, BANoBAN, J'«J. Thus we may suppose that BdA = J.
Theorem 28.12, on p. 205 of [MGT], asserts that under these conditions, J is
longitudinal. (Note that without the hypothesis M C S?, this theorem would
be trivially false; for example, it fails in every 3-manifold that contains a
polyhedral projective plane.)

Let T and T’ be disjoint homeomorphic 2-manifolds, in a PL 3-manifold K.
Suppose that there is a 3-manifold W with boundary, lying in |K]|, such that
Bd W= T U T’, and W is homeomorphic to T X [0, 1]. Then T and T’ are
parallel (or concentric) (in |K|).

THEOREM 4.10. In an orientable PL 3-manifold K, let F be a polygon. For
i = 1,2, let T, be a torus (not necessarily polyhedral) such that T, is the frontier
of a closed neighborhood S; of F. Suppose that

(1) S, lies in the interior of a regular neighborhood N of F (relative to a
subdivision of K),

2)S,cS,— T, and,

(3) For i = 1,2 there is an open set V; containing T, and a triangulation
K(V)) of V,, such that T, forms a subcomplex of K(V).

Then

(4) Fori = 1,2, S; is a solid torus, with F as a spine and

(5) Ty and T, are parallel.

A set homeomorphic to T X [0, 1] (where T is a torus) will be called a
toroidal shell.

PrOOF. By two applications of Theorem 3.3, the theorem reduces to the
case in which T, and T, are polyhedra (relative to K). Let S; and S, be
regular neighborhoods of F, in subdivisions of K, such that S; C Int S, and
S, C Int S;, and let T, = Bd S; (i = 3, 4). It is elementary to observe that
Bd N and T; are parallel, and that T, separates Bd N from T;in N — Int S;.
A special case of a theorem of C. H. Edwards ([E, p. 414, Theorem 9)) asserts
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that under these conditions T, is parallel to Bd N and to T;. By repeated
applications of Edwards’ theorem it follows that there is a homeomorphism
N — Int S, & Bd N X [0, 1], mapping each set Bd N, T; onto a slice Bd N X
k. Therefore, for i = 1, 2 there is a homeomorphism g;: N « S; such that
&S, is the identity. Thus (4) holds. Similarly, there is a homeomorphism h:
S, e N, S, & S;, so that (5) holds.

I am indebted to the referee for the reference to Edwards, and for the
scheme of the above proof.

THEOREM 4.11. In a PL 3-manifold M, let A be a polyhedral annulus, let J
and J' be polygons in Int A, each of which separates the components of Bd A
Jfrom one another in A, and let W be a neighborhood of Int A in M. Then there
is a PL homeomorphism h: M < M, A <& A, J < J', such that h|(M — W) and
h|Bd A are identity mappings.

Proor. Theorem 27.2, p. 197 of [MGT], asserts that under these conditions
we can move J onto J’ by a PL homeomorphism A’ such that 4'|Bd 4 is the
identity and A’ is the composition of a finite sequence of cellular
homeomorphisms. Now we use Theorem 4.1 repeatedly to get the desired A.

The following is needlessly special, but is sufficient for our present pur-
poses.

THEOREM 4.12. Let J be a polygon, in a polyhedral torus T, such that J does
not bound a 2-cell in T. Then J is not contractible in T.

PROOF. Let S be a polyhedral solid torus, with Bd S = 7. By Theorem 4.8
we know that when T is split apart at J, the result is an annulus 4. Therefore
there is a mapping h: A —> T’, such that h “reidentifies the components of
Bd A4,” and maps these onto a longitudinal polygon J in 7. Thus there is a
homeomorphism T « T, J « J'. Since J’ is not contractible in 7", J is not
contractible in 7.

Note that the proof proves more than the theorem; it shows that a polygon
can be imbedded in a PL torus in only two topologically different ways.

5. Invariant toroidal neighborhoods of F. Let M C S3, f, F, and n be as in
Theorem 1.1. By Theorem 1.3 we know that f has period exactly n at each
point of M — F. Let © be the orbit space of f, with the usual topology, and let

Pr: M —>> Q
be the projection. Let K(M) be a triangulation of M in which F forms a
subcomplex. Let

U=M-F, U=PrU, p=PiU.

Then p: U —> U is an n-sheeted covering. Since U is a 3-manifold, it
follows that U has a triangulation K (U). We may suppose that the diameters
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8o of the simplices 6 of K(U) approach 0 as o approaches Pr F, in the sense
that for every e > 0 there is a neighborhood N, of Pr F such that if ¢
intersects N,, then 8¢ < e. (This property is obtainable by subdivision.
Deductively, it will not be needed, but to omit it might seem unnatural.)

Let K(U) be the lifting of K(U), that is, the set of all components of all
sets of the form p~'(o), where ¢ € K(U). Then K(U) is a triangulation of U,
and f|0 is simplicial relative to K(U). Note that we have no reason to
suppose that the simplices of K (U) are polyhedral relative to K (M).

A subset 4 of M will be called f-invariant if f(4) = A.

THEOREM 5.1. Every open neighborhood X of F contains a solid torus Sy such
that (1) S is f-invariant, (2) Bd Sy is polyhedral relative to K(U), and (3) F is
a spine of Sy.

For an indication of the way in which this theorem will be used, see the
remarks just after the proof.

Proor. Evidently there is no loss of generality in supposing that X is a
regular neighborhood of F in a subdivision of K(M). Let S be a regular
neighborhood of F, in a subdivision of K (M), chosen sufficiently small so
that

U fi(S)cX.

We assert that Pr F has arbitrarily small closed connected neighborhoods Sy
such that T = Fr Sy is a 2-manifold which is polyhedral relative to K(U).
(For example, take a small closed neighborhood W of Pr F, such that Fr Wis
a polyhedron, and then add to W a small regular neighborhood of Fr W.
Note that we write Fr Sy, not Bd Sy: not for a long time will we know that
Sy is a 3-manifold with boundary.) If T is not connected, then we can make it
connected, simply by boring holes in S, — Pr F, from one component of T to
another. Thus we may suppose that

(@) T=Fr Sy is a connected 2-manifold which is polyhedral relative to
K(U).

We choose Sy so that (b) 7 C Pr Int S and (c) the set

T—Pr() fi(IntS)

lies in a finite union of disjoint 2-cells D;. (At the outset, we get (b) and (c)
simply by requiring that (b) T c Pr N , f(Int S). But (b’) would not neces-
sarily be preserved by certain hypothetical operations presently to be de-
scribed.) Evidently T is 2-sided in U, because Sy — Pr F is a 3-manifold with
boundary, and T is its frontier in U [MGT, Theorem 26.1, p. 191].

Suppose that A is a polyhedral 2-cell in Pr(Int S — F), such that Bd A = A
N T and Bd A is not contractible in 7. Then A will be called a Loop Theorem
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Disk (LTD) in the pair [Pr S, T]. If there is such an LTD A, then A can be
chosen so as not to intersect any of the 2-cells D;; any given A can be moved
off the D;’s, preserving its stated properties. If A N D; = for each j, then A
can be added to T, and the resulting 2-dimensional polyhedron can be split
apart at A, giving a 2-manifold T’ = Fr Sy, where Sy is a neighborhood of
Pr F. There are now two cases to consider.

Case 1. T’ is connected. Here Sy is smaller or larger than Sy, according as
A C Sy or Int AN Sy =<. In either case, the 1-dimensional Betti number
p\(T”) (with integer coefficients) is p'(T) —

Case 2. T’ is not connected, = T, U T,. Since Pr~!(T") separates F from
Bd S in S, some component C of Pr~!(7”) has the same property. Let U be
the component of § — C that contains F, and let Sy = Pr U. Then Fr Sy is
T, or T,, say, T,; and since T, is not a 2-sphere, we have p!(T,) < p'(T) —
We replace Sy by Sy, and T by T,.

Under the above conditions for A, the splitting operation preserves not only
(a) and (b) but also (c). And iterations of the operation must terminate. Thus
we may assume hereafter that we have S, and T satisfying (a), (b), (c), and
also

(d) The pair [Pr S, T] contains no LTD.

Let

S, =Pr7's,, T=Pr~'T=BdS,.
LeMMa 5.1.1. S, C X.

Proor. Since T C Pr Int S, we have

T=Pr 'TcPr'PrintS=J fi(IntS) C X.

Therefore S, C X.
LEMMA 5.1.2. T is connected. -

__PROOF. Sy is connected, because every component of Sy contains F. Since
X is a regular neighborhood of a polygon, M — X is connected. Let Y be the
component of M — S, that contains M — X. Since Sy is s f-invariant, so also
is ¥; ¥ is a PL 3-manifold with boundary; and Bd ¥ c 7. Since S, is
connected, so also is Bd Y; Bd Y is a component of T, and is f-invariant.
Thus Pr Bd Y is a component of T. If B were another component of 7, then
Pr B would be another component of T, which is impossible, because T is
connected. Therefore T is connected, which was to be proved.

LEMMA 5.1.3. Let i be the inclusion T — X — F. Then the induced homomor-
phism i*: #(T) > w(X — F) is injective.
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PROOF. Let 5 be a closed path in T, and let p = Pr(p). Let {D;} be as in
condition (c) above. Then p can be moved, by a homotopy, to give a closed
pathp’in T N Pr N, f'(Int S), and the homotopy between p and p’ in #(T)
can be lifted so as to give a closed path 5, in T N N , fi(Int S), such that
§ =~ pinn(T).

Thus, if the lemma is false, there is a closed path 5’ in T n N, fi(Int S)
such that 5 is contractible in X but not in T. Since X and S are regular
neighborhdoods of F in K, with § C X, it follows that S is a retract of X.
(Use Theorem 4.10, or some much simpler theorem.) Therefore 5’ is con-
tractible in § — F, and hence in Int S — F. Therefore p’ = Pr(jp’) is contract-
ible in Pr(Int S — F). But since (Pr|T)*: ( 7~') — 7(T) is injective, p is not
contractible in 7. But since T = Fr S,, it follows that T is 2-sided in the
3-manifold Pr(Int S — F). Therefore Theorem 3.5 applies, and gives us a
contradiction of condition (d) for S and T.

LEMMA 5.1.4. T is a torus.

Proor. Since (X — F)~ #(Fr X) ~Z + Z, it follows by the preceding
lemma that #(7’) is commutative. Therefore T is either a torus or a 2-sphere.
Now T is polyhedral relative to K (U). By Theorem 3.3 (as in the proof of
Theorem 4.10), there is a homeomorphism h: M < M such that h(T) is a
polyhedron relative to K(M) and A is the identity except at points of X — F.
Thus, if T is a 2-sphere, then F lies in a 3-cell in X, which is impossible. The
lemma follows.

By Theorem 4.10 it follows that S, is a solid torus. This completes the
proof of Theorem 5.1.

Nearly all of the rest of this paper will be devoted to the proof of Theorem
11.5, which asserts, in effect, that the §x of Theorem 5.1 can be chosen so
that Pr Sy is a solid torus. (The S, of Theorem 11.5 is a suitably chosen Sy as
in Theorem 5.1.) In the proof of Theorem 11.5 we form a “standard” solid
torus S, and decompose it into an infinite collection of solid tori, plus a spine
F’. Thus the purpose of §§6-11 below is to define a neighborhood S, of F
such that Pr S, has a similar decomposition; this will enable us to define the
desired homeomorphism in the proof of Theorem 11.5. The proof of Theorem
1.1 will then become easy.

6. Eliminating cellular oscillations. We resume the proof of Theorem 1.1. In
§§6-11, the definitions and notations of §5, up to and including Theorem 5.1,
will be regarded as conventions, and used without reference or comment.

The next step in the proof of Theorem 1.1 is to show that every neigh-
borhood of F contains a solid torus S, satisfying the conditions for S, in
Theorem 5.1, such that S “approximates the shape of a regular neighborhood
of F.” A usable definition of the latter idea will emerge in this and later
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sections. Meanwhile it is intuitively evident that a solid-toroidal neigh-
borhood of F may fail, in at least two ways, to have the desired property.

(a) If J is a polygon in the boundary of a regular neighborhood N of F, and
J is of small diameter, and bounds a 2-cell in Bd N, then J bounds a 2-cell of
small diameter in Bd N. If S fails to have this property, then we say that Bd S
has cellular oscillations.

(b) If J and J’ are disjoint latitudinal polygons in Bd N, and J U J' is of
small diameter, then J U J’ bounds an annulus of small diameter in Bd N. If
S fails to have this property, then we say that Bd S has annular oscillations.

We shall show, in effect, that these are the only possible difficulties, and
that they can be dealt with separately, in the stated order.

Let N be a regular neighborhood of F, relative to a subdivision K’(M) of
K(M). Then N has a natural decomposition into dual cells D,, which are
neighborhoods of the points v of F which are vertices of K'(M), such that

(1) Two sets D,, D,, intersect only if v and w are the end-points of an edge
of K'(M) and

(2) Each nonempty intersection D, N D, = E,, is a PL 2-cell, lying in
Bd D, n Bd D,, and intersecting F in exactly one point.

The 2-cells E_,, are “orthogonal to the edges vw.” They are called splitting
disks.

Let N, and N, be regular neighborhoods of F, defined relative to
subdivisions K’'(M) and K”(M) of K(M). Let

P={P,P,...,P,)}

be a finite set of vertices of K'(M), lying in F, such that the points P; appear
in the stated cyclic order on F. (We use integers modulo m as subscripts, here
and in similar situations hereafter.) Suppose that no two points of P are
consecutive on F in K'(M), so that the dual cells D, = Dy, of N, that contain
the points P; are disjoint. For each j, let D/ be the dual cell of N, that
contains P;, and suppose that K”(M) is a subdivision of K'(M), sufficiently
fine so that N; C Int N, and

U r(o))c N f(mD)

for each j. It is geometrically clear that for each j there is a polyhedral 2-cell
E; C D; such that (1) Bd E; = E; N Bd D,, (2) E; intersects no splitting disk
of Ny or Ny, (3) E; N Bd D/ is a polygon, and (4) E; N F = P,. Thus E;
separates D; (and D)) into two disjoint connected sets each of which contains
a point of F N Bd D; (and of F N Bd Dy). For each j, let

B =E —IntD,

Then B; is an annulus; the components of Bd B; are polygons lying in
Bd Ny N Bd D; and Bd N, N Bd Dj, and intersecting no splitting disk of N,
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or N,, and such that
Int B; C Int D, — D.

So far, all the sets mentioned are polyhedra relative to K (M), but are not
necessarily polyhedra relative to K (U); many of them are not even subsets of
U.

Let K,(U) be a triangulation of U, such that every simplex of K,(U) is a
linear subsimplex of some simplex of K”(M), and such that é¢ (6 € K,(U))
approaches 0 as ¢ — F. Let ¢: U— R be a strongly positive function. By
Theorem 3.3 it follows that there is a homeomorphism

g UoU
such that g is PL relative to K,(U) and K(U), and such that g is a
¢-approximation of the identity, in the sense that for each point P we have
d(P, g(P)) < &(P). If 3 is chosen so that ¢(P) is always less than the distance
from PtoF (= M — U), then g can be extended to give a homeomorphism
g Mo M,

such that g| F is the identity. For each j, let
G=28(D), G=2g(Dj), 4=2(B), d=32(E) So=_zg(No)
We take ¢ sufficiently small so that g preserves the stated relation between
the D;’s and the D;’s; that is,
U 7(¢)c N £(G)-

i i

Let
C={G}) C={qG} A={4}
Then the system
B=[P,C,C, A S]

is a barrier system for F. The mesh 6B of B is the maximum of the diameters
of the sets C; and the diameters of the components of S, — U ; C,. Evidently
the preceding discussion has proved nearly all of the following:

THEOREM 6.1. Let N be a regular neighborhood of F, and let ¢ be a positive
number. Then there is a barrier system
B=[P,C, C,A,S]
Sor F such that (1) Sy C N and (2) 8B < &. And given any finite subset Q of F,
B can be chosen so that (3) Q C P.

(To get this, we choose P so that Q c P, and take the points of P
sufficiently close together so that the components of F — P have diameter
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less than &. Then form N, C N, using a very fine subdivision K'(M) of K(M),
and take ¢ very close to 0.)

DEeFINITION 6.2. Let B = [P, C, C/, A, Sy] be a barrier system for F. Let S
be a solid torus such that

()F CcIntS,S CIntS,,

(2) Bd S is polyhedral relative to K (U),

3SnU;4 =9J,and

(4) Bd S is in general position relative to each set Bd C, in the sense that
Bd § N Bd ( is a finite union of disjoint polygons, at which Bd § and
Bd C/ pierce each other locally in U. Then B is a barrier system for S.

THEOREM 6.3. Let B be a barrier system for S. Then each set Bd S N Bd C/
contains a polygon J which is latitudinal in S.

Proor. Bd C/ N Bd 4; separates Bd C; into two disjoint sets each of which
is the interior of a 2-cell. Since S N 4; =, it follows that the two points P,
Q of F n Bd ( lie in different components of S N Bd C;.

Let M? be the union of (1) the component W of S N Bd C; that contains P
and (2) all components of S N Bd C; that lie in components of Bd C/ — W
that do not contain Q. Evidently W is a 2-cell with a finite number of holes
(perhaps none). Let J be the “outer boundary” of W, that is, the component
of Bd W that is the boundary of the closure of the component of Bd C/ — W
that contains Q. We shall show that J is latitudinal in S.

LEMMA 6.3.1. Every component of Bd M2, other than J, bounds a 2-cell in
Bd S.

PROOF. J is the boundary of a 2-cell D, C Bd C/, with M2 C D,. Suppose
that the lemma is false, so that some component J’ of Bd M2 — J does not
bound a 2-cell in Bd S; and choose J’ as the inmost polygon in D, with the
stated properties. It follows that J’ is the boundary of a 2-cell d (PL relative
to K(U)) such that Int d lies in either Int S — F or Int So — S. The point is
that J’ is the outer boundary of a 2-cell with holes whose interior lies in
Int S — F or in Int S, — S; and since the boundaries of the holes bound
2-cells in Bd S, it follows that the holes can be filled, with 2-cells lying
arbitrarily close to Bd S, so as to give the desired d.

By Theorem 4.10 we know that F is a spine of S and of S,. Suppose that
Intd C IntS — F. Since J’ does not bound a 2-cell in Bd S, it follows that J’
is latitudinal in S, which is impossible, because d N F =&. Suppose that
Intd C Int S, — S. Then it follows by Theorem 4.9 that J’ is longitudinal in
S. Therefore J’ carries a generator of #(S), and the injection #(S) — 7(Sy)
annihilates #(S). This is absurd, because F is a spine both of S and of S,

From the lemma it follows that J is the boundary of a 2-cell d, such that
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Int d C S; the proof is the same as that of the lemma. (Every component of
Bd M — J bounds a 2-cell in Bd S, and so the holes in M can be filled with
2-cells lying in Int S.) Therefore J is latitudinal in S, which was to be proved.

THEOREM 6.4. Let B = [P, C, C', A, S,] be a barrier system for S. Then every
polygon J which lies in a set Bd S N C, either is latitudinal in S or bounds a
2-cell in Bd S.

ProOF. Take j # i, and let J; be a polygon in Bd S N Bd ¢ such that J; is
latitudinal in S. Let D; be a 2-cell such that Bd D, = J; and Int D; C Int S.
When we “split S apart at D;,” we get a 3-cell C whose boundary is the union
of two 2-cells D/, D;” and an annulus A whose interior contains J. If J
bounds homologically on A4, then J bounds a 2-cell in 4, and hence bounds a
2-cell in Bd S. If J separates D; from D;” in Bd C, then J is latitudinal in S.

THEOREM 6.5. Let B = [P, C, C, A, S,] be a barrier system for F. Then every
neighborhood N of F contains a solid torus S such that

(1) S if f-invariant, and BA S is polyhedral relative to K (U),

(2) B is a barrier system for S, and

(3) If J is a polygon in a set Bd S N C/, and J bounds a 2-cell in Bd S, then
J bounds a 2-cell in Bd S n N, f'(Int C).

ProoF. First take S as a solid torus Sy as in Theorem 5.3. Thus (1) is
satisfied. If S lies in a sufficiently small neighborhood of F, then S c N, and
conditions (1), (2), and (3) of Definition 6.2 are satisfied. To get (4), we move
Pr Bd S slightly, so that no edge of Pr Bd S intersects any set Pr e, where e is
an edge of a set Bd C/ — F; we then lift by Pr! to get a new S which satisfies
(1)-(4) of Definition 6.2.

It remains to show that S can be chosen so that (3) of Theorem 6.5 is also
satisfied. For each j, let P,” and P;* be the points of F N Bd C/, such that
P,_,, P*\, P, P, P;* appear in the stated cyclic order on F. The points P;”,
P;* lie in the interiors of 2-cells D;~, D;*, lying in Bd C/, such that

U r®) U
and
U £(p7)n LkJ 4,=U F(D*)n LLJ A, =0

(Any sufficiently small 2-cell neighborhoods of P,~ and P;* in Bd C; will do.)
Note that under the conditions for a barrier system for F, we automatically
have

(D7) (D) G C S,
and f'(D,”) N A4, = f'(D;*) N A, =9 for j # k. Then we choose S, subject
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to all the above conditions, such that
BdSNBdC/ cIntD;~ v IntDj+

for each .
For each j, consider the set

Y=Pr|BdSn U f(¢)|

This is a finite polyhedron (relative to K(U)) in £ — Pr F. Let X, be a
compact polyhedral 2-manifold with boundary which forms a neighborhood
of Y in Pr Bd S, sufficiently small so that

X, cPr() f(IntC),
and let
X =Pr'x,.

Then )?; is also a compact polyhedral 2-manifold with boundary. Let pj' be
the 1-dimensional Betti number of X, (with integers modulo 2 as coefficients).
Since each pj' is finite, we may assume, subject to all the above conditions,
that S and X; are chosen so as to minimize 3 pj'. On this basis we shall show
that S satisfies condition (3) of Theorem 6.5.

Suppose that (3) does not hold, and let J be a polygon, with / c Bd S N
C/, such that J bounds a 2-cell D in Bd S, but J does not bound a 2-cell in

BdSn () f(IntG).

By general position, D N Bd C; is a finite union of disjoint polygons J;. Since
each J; bounds a 2-cell in Bd S, it follows that no J; separates P from Pj+ in
Bd C;. Therefore each J; bounds a 2-cell D; in Bd C/ — F; and since J, lies in
D;~ or D;*, s0 also does D,. Evidently J; C X; = Pr~'X,. If each J, bounds a
2-cell in X, then it follows that

DcX,cBdSn ) f(IntG),

which contradicts our assumption for J. Therefore some J; does not bound a
2-cell in X;; and we may suppose that J; is inmost in Bd C;, in the sense that
D,cBdC - F
contains no other polygon J, which satisfies the conditions for J;. Thus every
J; that lies in Int D, bounds a 2-cell in
Bdsn () f(IntC).
r

It follows that J; bounds a 2-cell D/, lying in N, f"(Int C), such that Int D/
lies in either Sy, — Int S or S — F. D/ can be chosen so as to lie in the union
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of Int D;” U Int D;* and any given neighborhood of Bd S. Therefore we
may assume that

D/ N Bd C/ c Int D;” U Int D;*,
and that

U f(d/)yn4,=2.

(See the proof of Lemma 6.4.1 for the “forcing off” process that is needed
here.)

Now Pr|J; is a loop L in Int X; = Int Pr Xj, and L is contractible in one of
the sets

Pr[(SO— Ints)n N f’(Inth)J, Pr[(S— Fyn N f(intc)).

If L were contractible in X;, then J; would be contractible in A7j, which is
false. Therefore L is not contractible in X;. We now apply Theorem 3.5 (the
Loop Theorem, second form) to the 3-manifold

M3 = Pr[(lnt So—BdS)n M f (Int cj)] UlntX, - Pr F

and the 2-manifold Int X;, which forms a closed set in the space M 3, By
Theorem 3.5 it follows that there is a 2-cell A, polyhedral relative to K (U),
lying in

Pr[ N f (Int q)] ~PrF,
such that
ANPrBdS=BdAcCIntX,

and such that Bd A is not contractible in Int X}, and hence not in X;. Since A
can be chosen in an arbitrarily small neighborhood of Pr D/, and U, f"(D;)
N A; =@, we may assume that A N Pr 4; =@. It follows that Pr-'An A;
=(.

Now Bd A can be lifted, so as to give polygons J, such that Pr J; = Bd A.
Since Pr is a local homeomorphism, it follows that Pr~'Bd A is the union of
exactly n such polygons J/ (1 < k < n). We choose the notation so that
Jis1 = f(J7), with subscripts modulo n. The polygons J, cannot be lati-
tudinal in S, because they bound 2-cells in S* — F. By Theorem 6.4 it follows
that each J; bounds a 2-cell 4, in Bd S; and we have d, ., = f(d,). Different
sets J;, are disjoint. It follows that if two different sets 4, intersect, then one of
them lies in the interior of the other, which is impossible, because f is
periodic. Therefore different sets d, are disjoint.



STATICALLY TAME PERIODIC HOMEOMORPHISMS 19

Now Pr~'A is the union of exactly n disjoint 2-cells A, with

Bd A, = Ji, f(A) = By
In Bd S, we replace each d; by the corresponding A,. This gives a torus 7.
Evidently 7' separates F from Bd S, inM. Therefore, by Theorem 4.10, 7" is
the boundary of a solid torus S’, such that S’ is f-invariant. By arbitrarily
small changes in A, preserving all the stated properties of A, we can produce a
situation in which Bd S’ is in general position relative to each set Bd C/
(C/ € O).

Now define a new set X/ by deleting X; N Pr d; from X; and adding A,.
Then S’, X/, and X/ = Pr™'X; satisfy all the conditions for S, X, and )?I But
all this is impossible: it preserves the stated properties of S, and reduces one
of the numbers pj', without increasing any of the others. This contradicts the
hypothesis that S was chosen so as to minimize 3; pj'.

7. Simplifications of f and Q. Here we use the apparatus of §6.

THEOREM 7.1. Let B=[P,C,C, A, S;] be a barrier system for S, and
suppose that S is f-invariant. Then every set Bd S N C; contains a polygon J
such that (1) J is latitudinal and (2) J is f-invariant.

PrOOF. By Theorem 6.3 we know that Bd S N Bd C; contains a polygon J,
which is latitudinal in S. And by definition of a barrier system we have

U r(c)c M f(ntg).
It follows that
U f(J) cIntC,.

Now Pr J, is a polyhedron relative to K(U). Let K'(U) be a subdivision of
K(U) in which PrJ, forms a subcomplex, and let N be a regular neigh-
borhood of Pr J, in Pr Bd S, defined relative to a subdivision of K'(U). Then
N is a 2-manifold with boundary. (We need not assert that N is connected.)
Therefore so also is N = Pr~'N; and obviously N is f-invariant. We take N as
a sufficiently small neighborhood of Pr J, so that N cInt G

Since every other set Bd S N C/ contains a latitudinal polygon, it follows
as in the proof of Theorem 6.4 that every polygon in N is latitudinal in S or
bounds a 2-cell in Bd S. To N we add all 2-cells d c Bd S such that Bd dis a
component of Bd N. This gives a 2-manifold W with boundary, such that

Bd W c Bd N c Int G,

and such that every component of Bd W is latitudinal in S. It follows that
every component of W is an annulus. And obviously W and Bd W are
f-invariant.
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Let J, be a latitudinal polygon in a set Bd S N Bd C; (k #* ). Then
Bd S — J, is homeomorphic to the interior of an annulus, and no component
of Bd M bounds a 2-cell in Bd S — J,. It follows that there is an annulus
A c Bd S — J, such that W C 4, Bd A C Bd W. Here A4 is the union of W
and a collection of annuli g; whose boundaries lie in W and whose interiors
are disjoint from W. This property of g; is f-invariant. Therefore A and Bd 4
are f-invariant. Since f preserves orientation, f cannot interchange the
components of Bd A. Therefore each component of Bd 4 is f-invariant. Since

Bd4 cBd W cBdN cIntC,

the theorem follows.

THEOREM 7.2. Under the hypothesis of Theorem 1.1, let J; be an f-invariant
latitudinal polygon in S, lying in a set C;. Then there is a triangulation L(M) of
M, and a homeomorphism f': M <> M, with fixed-point set F’ C Int S, such
that

(1) F', S, and J; form subcomplexes of L(M),

(2) F' is a polygon,

(3) F’ has period n,

(4) f' is simplicial relative to L(M),

(5) CI(M — S) forms a subcomplex L’ of L(M), and L' is a subcomplex of a
subdivision of K(U),

6) f|C(M — S) = fIC(M — S), and

(7) The orbit-space ' of f' is a 3-manifold, and the sets Pr' o (where
o € L(M) and Pr’ is the projection M —> ) form a triangulation of .

ProOF. By Theorem 7.1 we know that there is another f-invariant lati-
tudinal polygon J, in S, lying in some set C,(k 5 j), so that J; and J, are
disjoint. Thus J; and J, bound tame 2-cells D;, D, in S, such that

D,NBdS=BdD, (p=j k).

Since the sets Int D, are tame, it follows by Theorem 3.4 that we may choose
them so that the sets Int D, are polyhedra (not necessarily finite) relative to
K (M). By standard methods of “cutting and pasting,” we can arrange so that
D;n D, =2.

Now J; and J, decompose Bd S into two annuli g, a,. All the sets
D;, D, a,, a, are tame. By Theorem 3.4, together with Lemma (2.1) of [Mg], it
follows that each set D; U D, U a, is tame, and therefore bounds a 3-cell Cj.
Thus

§S=ClucCi, C'nCi=DuD,.

Let K'(U) be a subdivision of K (U), such th~at Bd S and the sets J, form
subcomplexes of K'(U). Each simplex o of K’(U) that lies in CI(M — ) will
be a simplex of L(M).
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We form the rest of L(M) as follows. First, we triangulate each D, so that
the triangulation forms the join of a point @, of Int D, and the subcomplex of
K'(U) formed by J,- (This triangulation need not be rectilinear, or even
polyhedral.) Now each set Bd C3 is already triangulated. We triangulate each
G 3 in such a way that it forms the join of an interior point R, of C; 3 with the
given triangulation of Bd C,’. This gives L(M).

It is now easy to define f’ as an extension of f|CI(M — S). First define
f(Q,) = Q,, and extend f” simplicially to the simplices %,vw of D,. Define
S (R)) = R, and extend f simplicially to the simplices R o (6% in Bd C 3)

L(M) and f’" now satisfy (1)(6). (F’ is the union of the four edges Q, R, of
L(M).) To verify (7) we merely need to show that for each vertex v of F’,
with closed star St v in L(M), the homeomorphism f’|St v is like a periodic
rotation of a round ball. This is straightforward.

8. Invariant barrier annuli. If S and B satisfy all three of the conditions of
Theorem 6.5, then we shall say that S has no cellular oscillations in B.

THEOREM 8.1. Let B be a barrier system for F. Let S, and S, be f-invariant
solid tori, such that S, C Int S,; and suppose that for i = 1, 2, S; has no cellular
oscillations in B. If S, lies in a sufficiently small neighborhood of F, then for
each j there is an annulus A; such that

(1) 4] is f-invariant,

@4, c S, —IntS,

(3) 4/ n (Bd S} U Bd S,) = Bd 4], and this set is the union of a latitudinal
polygon in Bd S, and a latitudinal polygon in Bd S,,

(4)Bd 4 cInt C,

(5) 4/ tntersects a set Coonlyifk=jork=j=*1,and

6) A’ is a polyhedron relative to K (U).

Proor. Take a fixed j, and let d; be as in the discussion just before the
definition of a barrier system for F, in §6. Take S, in a sufficiently small
neighborhood of F so that

U r(sind)c N f(ntc).

By small changes in d; (preserving all conditions stated so far) we get d; into
general position relative to Bd S, and Bd S,. By hypothesis for the sets S; we
know that every component J of 4, N Bd S; (i = 1, 2) is latitudinal in S; or
bounds a 2-cell in Bd S;; and in the latter case J bounds a 2-cell in
Bd §;n N, f'(Int C).

LEMMA 8.1.1. For i = 1,2 let M? be the component of d; N S; that contains

= d, N F. Then exactly one component J; of Bd M? is latitudinal in S;; the

other components of Bd M? bound 2-cells in Bd S;; and J, separates P; from J,
ind.
J
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ProOOF. By general position, M;? is a 2-manifold with boundary. Let J; be
the frontier (in d)) of the component of d; — M? that contains Bd d;. Then J,
is a polygon, because M is connected. Every other component J of Bd M?
bounds a 2-cell in d, — P;, and so cannot be latitudinal in S;. Therefore each
such J bounds a 2-cell in Bd S;. It follows, by a standard “forcing off”
process, that J; is latitudinal in S;. Since M7 C Int M2, J, lies in the interior
of the 2-cell in 4, bounded by J;, and the lemma follows.

Note that J, is the inmost (in d) of the polygons in 4, N Bd S, that are
latitudinal in ), and J, is the outermost (in d)) of the latitudinal polygons in
d; N Bd S, that lie in the 2-cell in d; bounded by J,.

LeEMMA 8.1.2. For i = 1,2 there is an f-invariant polyhedral annulus a; in
Bd S; such that

Jiclnta, Bda,c() f(IntC), ac () f(ntC).

PROOF OF LEMMA. Consider the 1-dimensional polyhedron
PrJ, c PrBd S,
Let N be a small regular neighborhood of Pr J; in Pr Bd S, and let N be the

component of Pr™'N that contains J,. Then N is a connected polyhedral
2-manifold with boundary in Bd S;, and J; c Int N. Since

U @) cN fntg),

we can choose N so that N c N, f"(Int C)). If J is a component of Bd N
which bounds a 2-cell D, C Bd S, then D, C N, f"(Int C)). We add all such
2-cells to N, getting an f-invariant 2-manifold a; with boundary, such that
J; C Int g; and such that no component of Bd ¢; bounds a 2-cell in Bd S;. It
follows that each component of Bd g; is latitudinal in S;. Therefore Bd a; has
exactly two components, and g; is an annulus, satisfying all the conditions of
the lemma. (Hereafter, the notations N, N will not refer to the above proof.)
Now J, U J, is the boundary of an annulus B, C d, — P,. The intersections
Int B, N Bd S; may not be empty, but each of them is a finite union of
disjoint polygons, each of which bounds a 2-cell in Bd S;, and hence in

BdS;n () f(IntC).

By a standard “forcing off” process, we get an annulus B,, polyhedral relative
to K (U), such that

B,c () f(IntC), BdB,=J,uJ,Clnta U lnta,

Int Bz C Int Sl - Sz.
Adding to B, a 2-cell in S,, with J, as a boundary, and with its interior in
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Int S,, we get a 2-cell D C §,, with
IntDCcIntS;, DnNBdS, chntgc() f(IntC) (i=12),
and '
D—-IntS,c () f(IntC),

so that
PrD—PrintS,cPr() f (Int C).
r

We now use S, as the S of the hypothesis of Theorem 7.2. Consider the
[, ¥, Pr': M —» Q' given by the conclusion of Theorem 7.2. Thus Pr’ S, is a
PL 3-manifold with boundary, and so also is Pr’' §,. Note that Pr'(M —
Int S,) = Pr(M — Int §,); in fact, Pr'|(M — Int S;) = Pr|(M — Int S,). Let
W be a closed neighborhood of Pr(D U Int @, U Int a,), in Pr'(S,) regarded
as a space, such that

(1) W is a polyhedral 3-manifold with boundary,

@QWNPrBdS;,=Praq (i =1,2),and

(3 W —PrintS, c Pr N, f(Int C).

Let N = Pra,, and let M* = Int W U Int N. Then M3 is a 3-manifold with
boundary, and Bd M3 = Int N. Evidently there is a loop in Int N (namely,
Pr|J,) which is contractible in M but not in Int N. By the Loop Theorem it
follows that there is a PL 2-cell A, in M3, with

BdA, = A, UIntN,

such that Bd A, is not contractible in Int N. By an isotopy we can move A, so
as to get a PL 2-cell A such that

AcWw, BdA=ANnBdW CcBdN,
so that Bd A is not contractible in N.

If Bd A were contractible in Pr’ Bd S, then each component of the annulus
N = Pr’ a; would be contractible in Pr' Bd §,; each component of Bd a,
would be contractible in Bd S}, and so J; would be contractible in Bd S,
which is false. Thus we have the following:

@) AnBdPr S, =BdA c BdPr g,

(i) AnBdPr'sS, c Pr' a,

(ii)) Int A C Pr’ Int S,

(iv) Bd A is not contractible in Pr’ Bd S, and

(V) A = Pr'IntS)) — Pr N, f'(Int C) lies in a finite union of disjoint
polyhedral 2-cells, disjoint from Pr' Bd S,, from Pr' Bd S,, and from one
another.

(In fact, at the outset we have

(vV)A-PrIntS, c Pr N, f'(Int C).
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But (v) needs to be stated in such a form that it would be preserved by certain
hypothetical operations to be discussed presently.)

We may also assume that

(vi) A is in general position relative to Pr' Bd S,, and Pr~!Int A is in
general position relative to each set Bd C,.

(Note that (i) implies that Bd A N Bd C; =& for each k.)

Finally, we may assume that

(vii) Subject to conditions (i)~(vi), A is chosen so as to minimize the number
p of components of A N Pr’ Bd S,.

LEMMA 8.1.3. No component J of A N Pr’ Bd S, bounds a 2-cell in Pr' Bd S,.

PROOF OF LEMMA. Suppose that
J=Bd D, D, c Pr' Bd §S,.

We may suppose that J is inmost in Pr' Bd S,, in the sense that Int D,
contains no component of A N Pr’ Bd S,. Now J bounds a 2-cell D; C A. We
substitute D, for D; in A, and force the resulting 2-cell slightly off Pr' Bd S,
in the neighborhood of D,. Minor adjustments restore condition (vi). All this
is impossible, because it preserves (i)~(vi) and reduces the p of (vii).

Now let D’ be a 2-cell which is a lifting of A, so that Pr’ D’ = A. Let A be
the component of D’ — Int S, that contains Bd D’.

LEMMA 8.1.4. Every component of Bd A] — Bd S, is latitudinal in S,.

PrROOF OF LEMMA. Since each such component J is disjoint from a lati-
tudinal polygon (lying in some set Bd S, N Bd C; (r # j)), it follows that J is
latitudinal in S, or bounds a 2-cell in Bd S,. If the latter held, then Pr'J
would bound a 2-cell in Pr’ Bd S,, which is false.

LEMMA 8.1.5. Every component of Bd A; — Bd S, is f-invariant. So also is

4.

PROOF OF LEMMA. Evidently the entire set Pr'~! A is f’-invariant. Applying
Theorem 7.1 in some set C,/ (r # j), we express Bd S, as the union of two
J-invariant annuli, whose intersection is the boundary of each, such that
Bd S, N Pr'~! A lies in the union of their interiors. Since f is periodic, and
preserves orientation, the components of Bd 4/ N Bd S, cannot be permuted
by f' (which agrees with f except in Int S,). Therefore each of these
components is f-invariant. Therefore so also is 4.

LEmMA 8.1.6. A] is an annulus.

ProOF OF LEMMA. We need to show that Bd 4/ n Bd S, is connected. Now
A] can be regarded as a complex (that is, a subcomplex of a subdivision of
K(U)). Assign orientations to the simplices of A/, in such a way that by
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assigning coefficient 1 to each 2-simplex of A we get a 2-chain C?, with
integers as coefficients, such that

C*=2'=2/+ 2,
where Z! is a 1-cycle on Bd S; (i = 1, 2). Now

z;=27,
s

where each Y, has constant coefficient 1 or — 1 on its polygonal carrier | Y}!|,
which is a component of 4/ N Bd S,.

Suppose that there is more than one such component |Y,!|. Since all of
them are latitudinal in S,, we have Y,! ~ + Y/ for every r and s. Therefore
there are two cycles Y, say, Y} and Y, such that Y + Y} ~0 on Bd S,.
Let b be a broken line in 4/, from a point of |Y/| to a point of |Y}],
intersecting Bd 4] only at its end-points, and let N be a small regular
neighborhood of |Y}| U |Y;| U b in 4]. Then Bd N is a polygon J, and J
carries a 1-cycle Z, such that Z, ~ Y! + Y; ~0 on S, — Int S,. Therefore
Z;, ~0on Int §; — Int S,. Evidently J is not contractible in 4: J separates
A] into two connected sets each of which contains a component of Bd A;.

By Theorem 4.10 we know that Int S, — S, is the interior of a toroidal
shell, and

a(Int S, — S,)~ H,(Int S, — S,,Z)~Z + Z.
Thus the canonical homomorphism
w(Int S, — S,)—> H,(Int S, — S,, Z)

is an isomorphism. Since Z, ~ 0 on Int S, — S,, it follows that any loop L:
S' — J that traverses J exactly once is contractible in Int S| — S,. Since the
homomorphism

(Pr|Int 4)*: m(A;) — = (Pr 4))
is injective, it follows that Pr L: S'— PrInt Aj is not contractible in

Pr Int A]. We now apply the Loop Theorem (second form) to the 3-manifold
Pr(Int S| — §) and the 2-manifold Pr Int 4. This gives a PL 2-cell

A, Cc Pr(Int S, — §,),
with
A, NPrd4;=Bd A, CcPrint4],
such that Bd A, is not contractible in Pr 4;. Obviously A, can be slid off all
the 2-cells mentioned in (v) above, and so we may assume that
BdA, cPr() f (IntC).

Now Bd A, bounds a 2-cell A, in A, and Int A, must contain at least one
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component of A N Pr Bd S,. We replace A, by A, in A, getting a 2-cell A’. We
then move Int A’ slightly, so that Pr'~! Int A’ is in general position relative to
each set Bd C;.

But all this is impossible: it preserves conditions (i)—(v), and reduces the
number of components of A N Pr’ Bd S,. The lemma follows.

Thus 4/ is an annulus. By conditions (i) and (ii) for A we have

Pr'Bd 4/ c Pr Bda, U Pr’ a,.
Now 4; satisfies (1)+3) and (6) of Theorem 8.1. To get an A4 satisfying (4),
we move the polygon A N Pr’' Bd S, onto a component of Pr’ Bd a,, by an
isotopy ' & &, Pr' Bd S, & Pr’ Bd S, which differs from the identity only in
a small neighborhood of Pr’ a,. This gives a new A, satisfying (i)~(iv). Since
a, C N, f'(Int C), (v) is also satisfied. The new A can be moved into general
position so as to satisfy (vi). Lifting, we get a new 4; such that
Bd 4/ cBda, UBda, CInt (.

Thus the new A/ satisfies (1)~(4) and (6).

It remains only to show that 4/ can be chosen so as to satisfy (5). The proof
is very similar to that of Theorem 6.5, as follows. Consider the sets

A/ NBdC., A NBIC,,

Each of these is a finite union of disjoint polygons J. If each of these bounds
a2-cellin 4/n N, f(IntC_)) or 4/ N N, f(Int C.,), then 4 satisfies
(5). Thus, if (5) does not hold, then there is such a J, lying, say, in
A; N Bd C/_,, such that J does not bound a 2-cellin 4/ N N, f"(Int C;_)).

By (v), each such J bounds a 2-cell in 4;. Now J bounds a 2-cell D, in
Bd C_, — 4;_,. If D, intersects F, then every polygon in Bd §; n Bd C/_,
bounds a 2-cell in S|, disjoint from F; and this is impossible, because some
polygon in Bd §; N Bd C/_, is latitudinal in S,. Therefore

DJ C (Bd C}/—I - Aj—l) - F.

We may suppose that D, is irreducible with respect to its stated properties, so
that if J’ is a polygon in 4/ N Int D,, then J’ bounds a 2-cell in 4] N
N, f(Int C;_,). No component J* of

(Bd S, UBdS;)NBdC/_,

that lies in D, can be latitudinal in S, or S,; and by Theorem 6.4 it follows
that every such J’ bounds a 2-cell in Bd S, (or Bd S,). By the hypothesis of
Theorem 8.1., J' bounds a 2-cell in

Bds,n () f(IntC_,) (i=1lori=2).

By the usual forcing off process we conclude that J bounds a 2-cell D; in
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(IntS, — S)n M f(IntC_,),

such that Dy N 4] = J.
All this can be ruled out by a minimality assumption similar to the one
used in the proof of Theorem 6.5. For each j, consider the set

Y=Pril4n U f(C.))|

This is a finite polyhedron (relative to K(U)). Let X;_, be a polyhedral
2-manifold with boundary which forms a neighborhood of Y in Pr 4/, such
that

X, cPr) f(IntG_,).

Then X;_, and X, , =Pr~'X,_, are 2-manifolds with boundary. Let
H,(X;_,) be the 1-dimensional homology group of X;_,, with coefficients in
the additive group Z, of integers modulo 2.

Let J and Dj be as in the preceding discussion. Let ¥ be the component of

(ntS, - S,)n N f(IntC_,)| - 4

that contains Int Dj. Since Int S, S;, N, f'(Int C;_,), and 4] are all f-
invariant, so also is V. Let

W=PrVulntX,_,.

Then W is a PL 3-manifold with boundary, with Bd W = Int X,_,, and Pr|J
is a loop in Bd W, contractible in W but not in Bd W. By the Loop Theorem
it follows that there is a polyhedral 2-cell A ¢ W such that Bd A=A N
Bd W and Bd A is not contractible in Bd W. As in the proof of Theorem 6.5,
Bd A can be lifted, to give polygons J; (1 < k < n) in 4, such that PrJ; =
Bd A. As before, these polygons are disjoint, and bound disjoint 2-cells d, in
A;. Similarly, Pr™' A is the union of n disjoint 2-cells A, with Bd A, = J;
and since A C W we have

A C(IntS, - $)n N f(IntC_,).

In 4, we replace each d, by the corresponding A,, thus getting an f-invariant
annulus 4;”. By arbitrarily small changes in A, we can arrange so that 4 is in
general position relative to Bd C/_,.

Now define a new set X/, by deleting X;_, N Prd, from X;_, and
replacing it with A. Then 4;” and X;_, have all the stated properties of 4; and
X;_i: A/ is an f-invariant annulus, satisfying (1)+4) and (6) of Theorem 8.1;
X;_, is a polyhedral 2-manifold with boundary, forming a neighborhood of
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Y’ = Pr Ajt/ n Lr) fr(c}r_])
inPr A/, and
X, cPr() f(IntG.,).
r

But the operation 4] — A/, X;_; — X/_, reduces the dimension of H,(X;_,)
(as a vector space over Z,), without increasing the dimension of the similarly
defined group H,(X,,). Therefore, to get an A/ satisfying (1)~6), it is
sufficient to choose an A satisfying (1)«(4) and (6), in such a way as to
minimize the sum of the dimensions of H,(X;_,) and H (X, ).

9. Eliminating annular oscillations.

THEOREM 9.1. Let B' =[P, C, C, A, S;] be a barrier system for F, and
suppose that the number of points in P is 4m (m > 3). Let B be the barrier
system which uses the same S, and uses the points P,; and the sets Cy;, Cy;, Ay;.
Then every neighborhood of F contains an f-invariant solid torus S such that

(1) S and B satisfy all the conditions for S, and B in Theorem 8.1, and

(2) Bd S is the union of a collection of annuli M; (1 < j < m), intersecting
only on their boundaries, such that (2.1) M; is f-invariant, (2.2) Bd M; is the
union of a latitudinal polygon in S N Int Cy; and a latitudinal polygon in
S N Int Cy;. 4, and (2.3) M; intersects Cyy only if k = jork =j + 1.

PROOF. Let S| be a solid torus such that S, and B’ satisfy all the conditions
for §; and B in Theorem 8.1. Thus if S, is a solid torus lying in Int S, and S,
has no cellular oscillations in B’, then the conclusion of Theorem 8.1 holds for
S, S5 and B'. In Theorem 8.1 it was merely required that S, be a
“sufficiently small” neighborhood of F, with no cellular oscillations in B.
Thus S, and B’ automatically satisfy the conditions for S, and B in Theorem
8.1.

Now F intersects each set Bd Cy;,, in two points Py, ,, P, and these
points have 2-cell neighborhoods d,;.,, d;,, in Bd C,,,, disjoint from
Bd S,. By Theorem 6.5 there s a solid torus S such that (i) S has no cellular
oscillations in B, (ii) S C Int S, and (iii) for each j,

Now P, and P, , have 2-cell neighborhoods
dyi, Clntdg,,  diff, clntdy,,

in Bd Cj;,,, disjoint from Bd S. Let S, be an f-invariant solid torus as in
Theorem 8.1, such that

S; N Bd Cy,, CIntdyf, ulntdy,,;
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and let {A};,,} be as in the conclusion of Theorem 8.1. (Throughout, we are
using B’ as the B of Theorem 8.1, but using only the resulting annuli of the
form A4, ,.) From (5) of Theorem 8.1 it follows that every two different sets
Aj; . are disjoint, and that none of them intersects any set Cy;.

By Theorem 8.1, we have Bd 4;;,, C Int Cj;,,. The polygons in Bd S, N
Bd Cj; ,, which are latitudinal in S, decompose Bd S, into a finite collection
of annuli, one of which, 4, ;, contains

Bd 4;,, N Bd S, C Int C};,,

in its interior. Similarly, the latitudinal polygons in Bd S, n Bd Cj;,,
decompose Bd S, into annuli, one of which, A,;, contains the other
component of Bd A4, in its interior. The components J of Bd S; N
Bd Cj;,, which are not latitudinal in S; bound 2-cells in Bd S; (Theorem 6.4).
Since S, and S, have no cellular oscillations in B/, it follows that

4;,c N FItCyry)  (i=12).

We now form the union L; of

(1) The annulus 4., (as in the definition of a barrier system, just before
Theorem 6.1),

(2) An annulus in 4, , bounded by the union of Bd 45;,, N Bd S, and a
latitudinal polygon J, C Bd §; N Bd Cj;,,,

3) Ay

(4) An annulus in 4,;, bounded by the union of Bd 4;;,, N Bd S, and a
latitudinal polygon J, in Bd S, N Bd Cj;,,,

(5) An annulus in Bd Cy,, — (dgj4, U dyj,,), bounded by J, and a
boundary component of 4,;, ,, and

(6) A 2-cell in d,}%, , or d, ,, bounded by J,.

LEMMA 9.1.1. L; is (the image-set of) a singular 2-cell with no singularities on
its boundary.

To see this, consider the above sets in the order 1, 5, 2, 3, 4, 6.
LEMMA 9.1.2. L; N Bd S C Int 4., for each j.

ProoF oF LEMMA. Bd S N (1) =4, because B’ is a barrier system for S.
Bd S N (2) =4, because (2) C 4,; C Bd S,. Bd S N (4) =4, because (4) C
Bd S;. Bd S N (5) =9, because Bd S N Bd Cyj,, C dyjy U dyjyp. BAS N
(6) =4, because Bd S N (dg,, U dij;p) =9.

LemMMA 9.1.3. L; N Cy, =& for each k.

By construction: recall that 43;,, N Cy, =<, and
A Ay; () f (Int Cyyr).
r
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LEMMA 9.1.4. Every two different sets C,,, C, lie in different components of
So - U;'"-I lfi'

PROOF OF LEMMA. Suppose not. Then a point of some C,, can be joined to a
point of a different set C,, by a broken line b in S, — U; L;. Now L; is a
singular 2-cell with boundary Bd A,;,, N Bd S,. Since S, U U; L; is tame,
we may assume for the moment that this set is polyhedral relative to K (M),
and apply the Dehn Lemma of C. Papakyriakopoulos. (See, for example,
[MGT, p. 199].) Thus every neighborhood of L; contains a polyhedral 2-cell
D; such that

Since L; N Cy, =9, and L; N b =4, it follows that D; can be chosen for
each j so that D; N C,, =& for each k and D, N b =&. But this is impos-
sible: obviously U; D; decomposes S, into 3-cells each of which contains
exactly one set C,,. (An elementary proof of this lemma is possible but
tedious.)

LEMMA 9.1.5. Every two different sets Bd S N C,,, BdS N C,, lie in
different components of (S, — Int Sp) — U, 444

PROOF OF LEMMA. By Lemma 9.1.4, every connected set W in Bd S that
intersects two different sets C,,, C,, must intersect L; for some j. By Lemma
9.1.2, W intersects Int 4}, ,. Therefore no component of Bd § — U, 44;,,
intersects two different sets C,,, C,,. Since there are exactly m sets C,,, and
exactly m components of (S, — Int S,) — U, 44;,,, each of the former sets
must lie in one of the latter; and the lemma follows.

Thus S has the following properties.

MScIntS,S,clIntS.

(2) S and B satisfy the conditions for S; and B in Theorem 8.1.

(Since S has no cellular oscillations in B, it follows that S has no cellular
oscillations in B. Since S C Int S}, S is “sufficiently small” so that S and B’
satisfy the other conditions for S, and B in Theorem 8.1. Therefore so also do
S and B. But (2) as stated is what we need in Theorem 9.1. And the stronger
condition using B’ would not necessarily be preserved by certain hypothetical
operations presently to be discussed.)

(3) Different sets Bd S N C;, lie in different components of (S, — Int S,)
Y J A«,tj+2‘

Evidently we may assume also that

(4) Bd S is in general position relative to each set 4y, ,.

(If not, we move Pr Int 4, , into general position relative to Pr Bd S, and
lift.)

Finally we may suppose that S is chosen, subject to all the above
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conditions, so as to minimize the total number of components of all sets
Bd S N Int 4}, ,. On this basis, we shall show that S is as in the conclusion
of Theorem 9.1.

LEMMA 9.1.6. Let J be a component of Bd S N Int Ay, ,. If J bounds a 2-cell
in Bd S, then J bounds a 2-cell in Ay ,.

PrROOF OF LEMMA. Suppose not. Then J separates the two components of
Bd 4}, from one another in Aj;,,. It follows immediately that the lati-
tudinal polygon Bd 4j;,, N Bd S| is contractible in S, — F, which is absurd.

LEMMA 9.1.7. Let J be a component of Bd S N Int A, ,. If J bounds a 2-cell
in Ay; ., then J bounds a 2-cell in Bd S.

PrOOF OF LEMMA. Since Bd S contains a latitudinal polygon disjoint from J
(Theorem 6.3), it follows that J is latitudinal in S or bounds a 2-cell in Bd S.
The former is impossible, because J is contractible in § — F. The lemma
follows.

LEMMA 9.1.8. No component of Bd S N Int A};., bounds a 2-cell in Ay, ,.

PROOF OF LEMMA. Suppose that J = Bd D,, D; C Aj;,,- Then J bounds a
2-cell D; C Bd S, since otherwise a latitudinal polygon in Bd S would be
contractible in §; — F. Now f is of period n, and both Bd S and A4}, , are
JSf-invariant. We cannot have f(D,) = D,, since D, contains no fixed point of
f. And no set f"(D,) can lie in the interior of another, since then the number
of components of Bd § N Int 44;,, would be infinite. Therefore the 2-cells
J'(D,) are disjoint, and are permuted by f. Thus PrJ is a component of
PrBd S N Pr 4}, and bounds 2-cells Pr D, and Pr D; in Pr 44;,, and
Pr Bd S respectively. We may suppose, without loss of generality, that J is
inmost in A}, ,, in the sense that Int D, contains no component of Bd § N
Ajjso- 1t follows that Int Pr D, contains no point of Pr Bd S. We substitute
Pr D, for Pr D; in Pr Bd S, force the resulting surface slightly off Pr 4, in
the neighborhood of Pr D,, and then move the resulting surface slightly (if
need be), so as to restore general position relative to Pr Bd Cj ;. ,. This gives a
torus 7. Since Pr Bd S and Pr D, lie in Pr(Int S, — S,), T can be chosen so
as to lie in Pr(Int S, — S,).

Let T =Pr~' T. Since Prl7~' is an n-sheeted covering of a torus, Tis a
torus. Since T is polyhedral relative to K(U), it follows that T is polyhedral
relative to K(U). Let S’ be the component of M — T that contains F. By
Theorem 4.10, S’ is a solid torus. Since

BdS'=TcntS, - S,

it follows that
MS' cInt S, S, ClIntS.
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We shall show that the other conditions for S are also preserved by the
operation S — §’.

Since B is a barrier system for S,, and S’ C §,, we have S’ C Int S, and
Ay N S’ = for each k. Also Bd S’ is in general position relative to each set
Bd C;,. Therefore B is a barrier system for S’. Since Bd 8’ = T = Pr™'T, it
follows that Bd S’ is f-invariant. Therefore so also is S’. We recall that
Alj+r N Cy, =D for eachj and k. It follows that Bd S' N C,, is the union of
some or all of the components of Bd S N C,. Since S has no cellular
oscillations in B, it follows that S’ has the same property; the point is that if J
is a polygon in Bd S’ N C;, and J bounds a 2-cell D, in Bd S’, then
J C Bd S, and J cannot be latitudinal in S, so that J bounds a 2-cell D; in
Bd S. Since S has no cellular oscillations in B, we have D; C N, f(Cy).
Therefore Dy ¢ Bd S’, Dj = D,, and D, C U, f'(Cy). Since S, is
“sufficiently small” in the sense of Theorem 8.1, and S’ C S|, it follows that
S’ is “sufficiently small.” Thus we have:

(2) S’ and B satisfy all the conditions for S; and B in Theorem 8.1.

It is easy to check, geometrically, that:

(3) Different sets Bd S’ N C;, lie in different components of (S, — Int S,)
- U J At/tj+2' -

To see this, regard the operation Pr Bd S — T as an operation Bd § — T.
Condition (2) is unaffected by (i) the deletion of the 2-cells f"(D,), (ii) the
addition of the 2-cells f"(D;), (iii) the “forcing off” process, and (iv) the
restoration of general position.

Obviously the operation S — S’ preserves (4); the effect is to delete certain
components of Bd § N 4y ,.

But all this is impossible: it preserves (1){4), and reduces the total number
of components of all sets Bd S N A4j;.,. The lemma follows.

LEMMA 9.1.9. Each set Bd S N Aj;.., has at most one component.

PROOF OF LEMMA. We now know that every component of this set is
latitudinal in S, and separates the components of Bd 4;;,, from one another
in A};,,. Since every two of these components bound an annulus in 4y;,,,
and f is periodic, it follows that each of them is f-invariant. Suppose that there
are more than one of them. Then their union decomposes Bd S into annuli
with disjoint interiors, appearing in a certain cyclic order on Bd S. If each of
these annuli approaches Int 4, , locally from both sides, then it follows by
an easy geometric argument that the number of these annuli is infinite, which
is false. Therefore there is an annulus 4, in Bd S, with Bd 4, C 4};,,, such
that A, approaches Int 4}, , locally from only one side. Now Bd 4, bounds
an annulus 4; in Int 4}, ,; and if two such annuli 4; intersect, then one
contains the other in its interior. Therefore we may choose A4, in such a way
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that Int 4] N Bd S = J. Automatically we have
AN (BdS,uUBdS,)=0.

We now simplify in much the same way as for 2-cells. Since each component
of Bd 4, = Bd 4, is f-invariant, it follows that Pr 4, and Pr 4, are annuli
(with the same boundary). In Pr Bd S, we replace Pr A4, by Pr 4/, force the
resulting surface off PrInt A4, ,, and move the “new parts” of the new
surface slightly, so as to get them into general position relative to
Pr Bd Cg;,,. Then we lift. As in the proof of the preceding lemma, this gives
a torus T which is the boundary of a solid torus S’, and S’ satisfies all the
conditions for S; the verifications are substantially the same as in the
preceding proof. As before, all this is impossible, because it reduces the total
number of components of the sets Bd S N 44;,,.

LemMA 9.1.10. Each set Bd S N Aj;., is a polygon.

PROOF OF LEMMA. By (4) and the preceding lemma, it will be sufficient to
show that Bd § N 44, , *J. If this is false, then

BdS N 4j,,=BdS N L =2.

It follows, as in the proof of Lemma 9.1.4, that Bd 4,;,, N Bd S, bounds a
tame 2-cell in S, — S, so that F lies in a 3-cell in S, and F is contractible in
S which is absurd.

Now the polygons Bd S N Int 4, decompose Bd S into annuli N, with

Bd N, = (44_, U 44,,) N Bd S.
LEMMA 9.1.11. N, intersects Cy only if k = j.

PROOF OF LEMMA. We know that the sets L; separate every two different
sets C,, from one another in S, By Theorem 7.1, for each j there is an
f-invariant latitudinal polygon J; in Bd §' N Int C,;. Let V; be the component
of BdS — U, 44,,=BdS — U, L, that contains J;. Then V; is a 2-mani-
fold with boundary, and Bd V; consists of one or both of the polygons
BdS N L_, and Bd S N L;. If Bd V is connected, then the component of
So — U , L, that contains C,; intersects Bd S in the union of two connected
sets V,, V/, and the closure of each of these is a 2-cell with handles. Since
Bd S is a torus, that is, a 2-cell with only one handle, it follows that at least
one of the sets ¥, ¥/ is a 2-cell. It follows that a latitudinal polygon in Bd S,
bounds a 2-cell in S, — F, which is impossible. Therefore N, = V; for each j,
and the lemma follows.

Now for each j let J; be an f-invariant latitudinal polygon in Bd § N Cy;,
as in the proof of the preceding lemma. Then J; C Int N, for each j, and J;
separates the two components of Bd N, from one another in N,. Thus

N=N"UN,
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where N;” and N;* are annuli, and
N* O N =J=BdN nBAN".
For each j, let
M; = N* U N3,

Then § and the sets M, satisfy the conclusion of Theorem 9.1.

The notations B’ = [P, C, C', A, Sy}, C = {C,;}, C' = {C4;}, and so on, in
Theorem 9.1, were really part of the apparatus of the proof. The conclusion
of the theorem mentions only B, and not B’. Moreover, given any barrier
system B for F, there is a barrier system B’ for F such that B and B’ satisfy
the conditions of Theorem 9.1. The theorem can therefore be restated more
simply, as follows.

THEOREM 9.2. Let B=[P,C, C, A, Sy] be a barrier system for F, with
P={P}, C={CG}, C={C}, A= {4} (1 <j < m). Then every neigh-
borhood of F contains a solid torus S such that

(1) S and B satisfy all the conditions for S, and B in Theorem 8.1, and

(2) Bd S is the union of a collection of annuli M; (1 < j < m), intersecting
only on their boundaries, such that

(2.1) M; is f-invariant,

(2.2) Bd M; is the union of a latitudinal polygon in S N C; and a latitudinal
polygonin S N G, and

(2.3) M; intersects C, only if k = jor k=j + 1.

THEOREM 9.3. In Theorem 9.2, 8Mj < 56B.

Because M; lies in the union of C;, C,,, and the three components of

So — U, C, that are contiguous to these two sets.

THEOREM 9.4. Let B and B’ be barrier systems for F, and let S be a solid
torus such that S and B’ satisfy all the conditions for S and B in Theorem 9.2. If
the mesh 8B’ of B’ is sufficiently small, then S has no cellular oscillations in B.

PROOF. Given B = [P, C, C, A, S,], consider the pairs GeC(CelC.If
& B’ is sufficiently small, then

Snc¢ c fntG).

If 6B’ is sufficiently small, then no annulus M; C Bd S (as in Theorem 9.2)
intersects both a set C/ and the corresponding set M — N, f"(Int C).

If 8B’ is small in both these senses, then every polygon J in Bd § N C; lies
in an annulus 4 in Bd S N N, f(Int C), namely, the union 4 of all the
annuli M; that intersect J. If J bounds a 2-cell in S, then J bounds a 2-cell in
A, and the theorem follows.
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10. Transverse solid tori. If B and B’ are related as in Theorem 9.1, then we
shall say that B’ is a 4-subdivision of B.

THEOREM 10.1. There are sequences B,,B,,...; B, B, ...; S|, S, ...
such that the following conditons hold.

(1) For each i, B, is a barrier system [P;, C,, C,, A;, Sy,] for F, and B; is a
4-subdivision ['P;,'C;, 'C}, 'A;, Sy;] of B, so that P, = (P}, 'P, = {P,}
(1<j<m,1 <k < 4m), and similarly for C,, C;, and so on.

(2) For each i,'P, C P, .

(3) Lim,_,, §; = Lim,_, 6B, = 0.

(4) For each i, S; and B; satisfy the conditions for S and B in Theorem 9.2.

(5) For each i, S;,, C Int S,.

(6) For each i there is a collection {A;} (1 < j < m;) of disjoint annuli, such
that

(6.1) A}; is f-invariant,

62)4;C S, —IntS,,,,

(6.3) 4; N (Bd S; U Bd S;,,) = Bd 4}, and this set is the union of a lati-
tudinal polygon in S; and a latitudinal polygon in S, |,

(6.4) Bd 4;; C Int Cy;,

(6.5) A;; intersects C; only if k = 4j ork =4j*1,and

(6.6) A is polyhedral relative to K (U).

PrOOF. Obviously, by repeated applications of Theorem 6.1, we can get
sequences B;, B,, . .. and B}, B}, . .. satisfying (1), (2), and (3); and we can
make the diameters §; = §B; as small as we please.

We define the three desired sequences recursively, as follows.

(D) Define B,, B, with 6B, < 1. By Theorem 9.2 there is an S, such that S,
and B; satisfy the conditions for S and B in Theorem 9.2. We take S, in a
sufficiently small neighborhood of F so that S, and Bj satisfy the conditions
for S, and B in Theorem 8.1.

(i) Suppose that we have given B,, B, and S; for i < i;, and {4} for
i < iy, satisfying (1)~(6). Define B, ., B’, .| so as to preserve (1) and (2),
making §; ,; = 6B, ., sufficiently small so that if S’ and B; ,, satisfy the
conditions for S and B in Theorem 9.2, then S’ has no cellular oscillations in
B; . (By Theorem 9.4, this can be done.) By the induction hypothesis, S; and
B;, satisfy the conditions for S; and B in Theorem 8.1. Let S, ,; be a solid
torus such that S, ,, and B; _, satisfy the conditions for S and B in Theorem
9.2. Then S, S, ,1, and B; satisfy the conditions for S, S,, and B in
Theorem 8.1. Applying Theorem 8.1, we get a collection {4;} of annuli. Of
these, we use only the annuli 45; = 4; ;. By (5) of Theorem 8.1, different sets
A] ; are disjoint. (6.1)~(6.6) now follow directly from (1)«(6) of Theorem 8.1.



36 E. E. MOISE

Hereafter, the sequences described in Theorem 10.1 will be regarded as
fixed.

THEOREM 10.2. For each i, j,
Aj; C N (P4, 35).
This is true because 4;; lies in the union of C,,; and the two components of
So — U, Ci4, that are contiguous to C, ;.

THEOREM 10.3. For each i, Bd S; is the union of a collection of annuli Mj;
(1 < j < my), intersecting only on their boundaries, such that (1) M; is f-in-
variant, (2) Bd Mj; is the union of a latitudinal polygon in S; N Int C,,; and a
latitudinal polygon in S; N Int C 4,4 and (3) M, intersects C, only for
4j < k < 4j + 4. Moreover, Bd S; is the union of a collection {N;} of annuli,
intersecting only on their boundaries, such that (4) for each i, j, Bd S; N C,y
C Int Nj; and (5) N; intersects C,; only for 4j — 2 < k < 4j + 2.

ProoF. Let { M/} be a collection of annuli (1 < j < 4m,) such that M}, S,
and B; satisfy the conditions of Theorem 9.2. Let

4j+3 4+1
= ’ = ’
M; = U M, N; = U M;.
i=4j r=4j-2

For each i,j, let J; = M;;_, N M. For each i,j, there is exactly one

k = k(i,j) such that P, ,, = P,,.

THEOREM 10.4. For each i,j (1 < j < my), J; U J;,, is the boundary of an
annulus A;] such that

(1) A is a polyhedron relative to K 0),

(2) Aj is f-invariant,

3 Int4; cIntS; - S,,,,

(4) 4] intersects C, 4, only if r = j, and

(5) 45 C N(P,y; 49).
Moreover, the annuli Aj can be chosen so as to be disjoint.

PrOOF. We start with the annuli 4 ;; of Theorem 10.1, so that
Bd 4; C Int Cj;.
It follows that

J;=A;nBdS,CIntN;, N,ndy=9D fork+j.

By Theorem 10.3, we have J; C Int N;. Therefore PrJ,, PrJ; C Pr Int N;.
Since Pr Nj; is an annulus, it follows by Theorem 4.11 that there is a PL
homeomorphism h;: U< U, Pr N; <> Pr Ny, such that hy|PrBd N, is the
identity and h;(Pr J;) = Pr J;; and h; can be chosen so as to differ from the

identity only in an arbitrarily small neighborhood of Pr Int N;. Thus we may



STATICALLY TAME PERIODIC HOMEOMORPHISMS 37

assume that A|Pr S,-+I and h;|Pr(Bd S; — N;) are identity mappings. Let
hi(dy), A=Pr A
Let W; be the set on which A; differs from the identity. Since N lies in the

union V; of C4; and the two adjacent components of S; — U, G, it
follows that W; can be chosen so that

i — pp-1
W;=Prm'W; CV,

It follows that A intersects C, only if 4j — 2 < r < 4j + 2.
Now consider the other component Aj; N Bd S, of Bd 4. This is also a
component of Bd 4. Let etk = Siv1 n Bd A. Let ry and be the integers

suchthat P,y; _, = P,,,, and P,4;,, = P, . Let
n
N= U Ali+l,r'
r=rg

Then N is an annulus, and contains C,,; N Bd S, , in its interior. Thus
Jiv14 Ji CInt N, N n Bd 4, = fork #j,
and
PrJ/ 1. PrJ, CPrintN.

As before, we move PrJ/,,, onto PrJ, by a PL homeomorphism A;:
Uo U, Print N Print N, such that Aj|Pr(Bd S;,, — N) is the 1dent1ty
and such that A differs from the identity only in a small n~elghborhood of
PrInt N. Since N intersects C, only if r, < r < r, and 4 has the same
property, it follows that A;; can be chosen so that the set

45 = Prhi(A)
intersects C 4, only if r = j. It follows that A lies in the union W of C,,; and
the components of S; — U, C,, that are contiguous to C,,;. Therefore A4;
lies in the closure of N (P4, 35), and hence in N(P,y;, 45;). And if our
homeomorphisms are chosen so that the sets on which they differ from the
identity are disjoint, then for each i, different sets A; will be disjoint. This
completes the proof of Theorem 10.4.

Now the union of the annuli 4; decomposes the toroidal shell S; —
Int §;,, into m; 3-manifolds S;; with boundary, each of these being polyhedral
relative to K (U). Each §j; is bounded by the union of (a) the annulus M; in
Bd S;, (b) an annulus in Bd S, ,, and (c) the union of two successive annuli
Ajs Al

THEOREM 10.5. Each S;; is f-invariant.
Because Bd S;; is f-invariant.

THEOREM 10.6. S, = U ;; S; U F.
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Proor. Evidently
Si=U[S -IntS, ]JUF

Since for each i the sets S; form a decomposition of §; — Int S, ,, the
theorem follows.

THEOREM 10.7. Pr §, = U,; Pr§; U Pr F.
Proof by Theorem 10.6.
THEOREM 10.8. For each i, j, S; C N (P4, 58).

PROOF. Let r, and r| be the integers such that P, = P,,, vo Pigjva =
:+I.r| Let

r,—l

= U M+I,r’

r=rg
so that
BdS; =M;uA4;UAj,,UM,.

Now M; intersects C,, only for r = j, j + 1; 4] intersects C,4, only for
r=j; and A/, intersects C, 4, only for r = j + 1. Applying Theorem 10.3 to
the sets M;,,, C M; and the collection C,, , it is also easy to check that
M,+ 1, intersects Cm only for s = j, j + 1. Thus Bd S lies in the union W of

Ci4j» Ci4j+4 and the components of S; — U, C;4, that are contiguous to C,4;
and C, 4, 4. Now W is a 3-cell; and since Bd S; C W, it follows that S, C W

An easy computation gives W c N(P, 4> 90,), and the theorem fo]lows
THEOREM 10.9. Each S;; is a solid torus.

PrOOF. We know (by the hypothesis of Theorem 1.1) that F is the
boundary of a tame 2-cell D c S*. Let K(S®) be a triangulation of S*. Then
there is a homeomorphism h: S* < S mapping D onto a set which is
polyhedral relative to K (S*); and obviously 4 can be chosen so that #(D) C
U. (If not, shrink h(D) onto a set of small diameter, and move the resulting
set into U.) Let K,(U) be a triangulation of U in whlch each simplex is a
linear subsimplex of a simplex of K(S®). Then D N U is semilocally tame in
U relative to K,(U). By Theorem 3.4, D 0 U is tame in U relative to K (O).
By the Hauptvermutung, D N U is tame in U relative to K (U) By Theorem
3.4, there is a homeomorphism g: U < U, such that g(D n U) is polyhedral
relative to K(U); and g may be chosen so that there is an extension g’:
S* > S3 of g, such that g’|F and g’|(S* — M) are identity mappings. There-
fore we may assume that the D that was given has the property that D N U is
polyhedral relative to K (U); and of course we may suppose that Int D is in



STATICALLY TAME PERIODIC HOMEOMORPHISMS 39

general position relative to Bd S;;. Subject to all these conditions, we choose
D so as to minimize the number ¢ of components of D N Bd §;. Each of
these components is of course a polygon.

Lemma 10.9.1. ¢ > 0.

PROOF OF LEMMA. If ¢ = 0, then S lies in a 3-cell in S*> — F, and so
Bd 4] N Bd S; is contractible in S* — F. Since this set is a latitudinal
polygon in S, this contradicts Theorem 4.9.

LeEMMA 10.9.2. No polygon J in D N Bd S; bounds a 2-cell in Bd S;.

PROOF OF LEMMA. Suppose that J = Bd D,, where D, is a 2-cell in Bd Sj;
and suppose that J is inmost in Bd S, in the sense that Int D, contains no
other component of D N Bd S;. Then D can be “forced off Bd §; in the
neighborhood of D,.” This is impossible, because it reduces g.

Now let J be a component of D N Bd §; which is inmost in D, so that J
bounds a 2-cell D, C Int D such that Int D, N Bd S; =&. If Int D, C S* -
S;» then S lies in a 3-cell in S*> — F, which is impossible, as in the proof of
Lemma 10.9.1. Therefore Int D, C Int S;;. When §;; is split apart at D,, the
result is a 3-cell. Reidentifying, we find that S is either a solid torus (with J a
latitudinal polygon in §;) or a solid Klein Bottle. The latter is impossible,
because S; is a subspace of S3; and Theorem 10.9 follows.

THEOREM 10.10. Each set Pr S;; is a solid torus.

ProoF. Evidently Pr S; is a 3-manifold with boundary, polyhedral relative
to K(U), and Bd Pr S; = Pr Bd S;; is a torus. Since S;; is a solid torus, there
is a loop L in Bd Pr §; which is contractible in Pr S but not in Bd Pr S;. By
the Loop Theorem it follows that there is a PL 2-cell A; in Pr S; such that

BdA; =A; N BdPrs,

U
and such that Bd A; is not contractible in Bd Pr S;;. Consider the set Pr~ 'A,.j.
Since Int A; and Bd A; are locally Euclidean, and Pr is a local
homeomorphism, it follows that (a) Pr~'Bd A; is the union of n disjoint
polygons and (b) Pr~'Int 4,; is the union of n disjoint sets homeomorphic to
Int A;. Thus (c) Pr™'A; = U7, d,, where the sets d, are disjoint 2-cells, with

4, NBdS;=Bdd, Intd Clnts§,

y’

so that the polygons Bd 4, are latitudinal in S;. Thus the sets d, decompose S,
into n 3-cells, each of which is mapped onto Pr S; under a mapping which
identifies two disjoint 2-cells in its boundary. It follows, as in the proof of the
preceding theorem, that Pr §;; is either a solid torus or a solid Klein Bottle.
Thus, to complete the proof of Theorem 10.10, it will be sufficient to show
that Pr S, is orientable.



40 E. E. MOISE

Now Bd S; N Bd S, , is tame relative to K (U), and hence tame relative to
a triangulation K (S*) of S3; and every polygon J in the annulus 4 = Sy N
Bd S;,, either bounds a 2-cell in 4 or is latitudinal in S;,,. It follows, by a
straightforward construction, that there is a tame 3-cell C* in S* such that
C*N C; = A4, and such that Bd C*> U Bd S, is also tame. Thus the set
C? = S, U C?isa3-cell. Let g: C{ & C} be an extension of f|S;, such that g
is tame, and such that g|C? is conjugate to a rotation of a cylinder B> X [0, 1]
about its axis of symmetry. Thus the fixed-point set of g is a broken line B,
with its two end-points in the two components of Bd C; — 4; and B is
unknotted in C7, in the obvious sense. Now let C; be a combinatorial copy of
C}, with identifications such that Bd C3 = Bd C? and C} U C; is a 3-sphere
S3. Now extend g so as to get a homeomorphism g": §3« S3, simplicial
relative to some triangulation of S3, and with an unknotted polygon as its
fixed-point set. Any such g’ is periodic, with the same period as f. The main
result of [M] asserts that under these conditions g’ is conjugate to a rotation.
It follows that the orbit space Q" of g’ is a 3-sphere. Since PrS; is
homeomorphic to a subspace of 2, it follows that Pr §; is orientable; and
this is sufficient to complete the proof of Theorem 10.10.

THEOREM 10.11. In each set Pr S; there is a PL 2-cell A such that

(1)Bd A; = A; N Bd Pr§,,

(2) Bd A is latitudinal in Pr S,

(3) Bd A, is in general position relative to each set PrJ, that lies in
Bd Pr S, and

(4) Pr=! A, is the union of n disjoint 2-cells d,, with Bd d, = d, N Bd S;.

PROOF. In the proof of Theorem 10.10 we got 2-cells A; satisfying (1) and
(4), such that Bd A; is not contractible in Bd Pr S;. Therefore each A; also
satisfies (2). These properties are preserved by any PL homeomorphism
Pr §; & Pr §;. By such a homeomorphism, we move each set Bd A; slightly
so as to get condition (3).

In the following definition, the sets A;] are as in Theorem 10.4.

Given A/, let j, = j; and for each k > 0 let j, be the integer such that

ij

P4 = Piyy4;,- (There is such a ji; see (2) of Theorem 10.1.) We form the
sequence

ALy Al -5
and let

oo
D;=U 4%, U {Py,}

k=0

Under our conditions for the sets 4,7, we have
A, A" =,

iy vy iker®
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By Theorem 10.7 we have
ferje © N (Pisrgi 40i4k) = N (Prgyp 4841 )-
Therefore

o)
U Alty; CN (Pi,%’ 48i+r)

k=r
for each r. Therefore

© -}
Cll: U Ai’;kjk = U Al':.'k.lk U {})i’4j0};
k=0 k=0

and it follows by a straightforward construction that D is a 2-cell. We recall
that

J;=My_,0 M, =BdA) nBdS,

i i
Thus
Bd D, = J;
for each i, j.
THEOREM 10.12. For each i, j, J;; is longitudinal in S;.

Proor. We have J; = Bd D;, D; n S; = A] Cc Bd S;. It follows

ij>
immediately that J; is contractible in M — Int ;. Now apply Theorem 4.9.

THEOREM 10.13. The 2-cells A; of Theorem 10.11 can be chosen in such a
way that each intersection Bd A; N Pr J;; is a single point.

PrOOF. Let {d,} be as in Theorem 10.11. Suppose that the sets A, are
chosen (subject to the conditions of Theorem 10.11) so as to minimize the
number of points in Bd A; N PrJj;. On this basis we shall show that the
theorem follows.

Now Bd 4, is latitudinal in S, J; is longitudinal in S, and these polygons
are in general position relative to one another in Bd S;. By Theorem 4.6 it
follows that these polygons cross each other algebraically once.

Suppose now that the theorem is false, so that Bd A; N PrJ; contains
more than one point. It follows that Bd d, intersects J; in more than one
point. From this we can easily show that there is a broken line b, c Bd d,,
and a broken line b; C J;;, such that b, U b; bounds a 2-cell 4 in Bd S, with
Bd d N J; = b;. Since different sets 4, are disjoint, J; is f-invariant, and f is
periodic, it follows that the images f'(d) are disjoint. Therefore Pr|d is a
homeomorphism. Therefore Pr b, can be dragged across Pr J, in the neigh-
borhood of Pr 4, by a PL homeomorphism Pr S, < PrS; BdPr S; o
Bd Pr S; which differs from the identity only in a small neighborhood of d.
All this is impossible, because it reduces the number of components of
Bd A; N PrJ;.
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THEOREM 10.14. For each i, j, Pr J;j is longitudinal in Pr S;.

PrOOF. We know that Bd A; is latitudinal in Sj;, and that J;; crosses Bd A;;
in exactly one point. When we split Pr S; apart at A;, PrJ; appears as a
broken line joining points of the two 2-cells which have the same image when

we reidentify. It follows that Pr J;; carries a generator of H (Pr Sj).

THEOREM 10.15. Every polygon Pr J, that lies in Bd Pr S;; is longitudinal in
Pr S,.
i

PRrROOF. There are finitely many such polygons; they are disjoint; none are
contractible in Bd Pr §;; and one of them (Pr J;) is longitudinal. Therefore
so also are the others. (Theorem 4.3.)

11. A triangulation of (2. For each i, j, we define a sequence S; 0, ;15 - - - »
inductively, as follows. (1) Let S;;, = S;;. (2) Given a solid torus Sj; C S,
— Int S;, ;+,, intersecting Bd S, ., , in an annulus which forms a union of
annuli M, ,,,, let S;;,,, be the union of all solid tori S, 4, which have
an annulus in common with Sj;.

For each i, j, let B; be the “short arc” in F between P,,; and P, 4, that is,
the arc which contains no third point P, ,,. Let

0
k=0

THEOREM 11.1. Each set D;; is compact.

ProOF. By induction on i, it is easy to check that if S;,,, C Sy, then
P, i kar € B;. By Theorem 10.8 it follows that

Sivkr C N(Piyrar 58,44) C N(By, 58,,,),

where N (X, ¢) is the e-neighborhood of the set X. Since the sequence
8, 85, . . . is decreasing, it follows that

(@) U=, Six C N(By, 58,,,) for each ky. Since Uje, Sy is closed for
each kg, it follows that

© 00
k=0 k=0

and the theorem follows.
THEOREM 11.2. For each i, j, 8B; < 38,

(Because B lies in the union of C4, Ci4i44, and the component of
So; — U, C4, that lies between them, and each of these sets has diameter no
greater than §;.)
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THeOREM 11.3. Lim, ,, 8D; = 0, uniformly with respect to j. That is, for
every € > O there is an iy such that if i > iy, then 8D; < & for every j.

PROOF. Setting k =0 in (a) above, we get D; C N(By,58). If i is
sufficiently large, then 8B; < ¢/3, 5§, <¢/3. It follows that 6D; < e, as
desired.

For each i, j, let D; = Pr D;.

THEOREM 11.4. Lim,_,,, 8D, = 0, uniformly with respect to j.
This is true because Pr is uniformly continuous.
THEOREM 11.5. Pr S, is a solid torus.

PROOF. Let F’ be the circle in the xz-plane in R3, with center at (0, 0, 0)
and radius 2. For each i, let D, be the closed circular region in the xy-plane,
with center at (2, 0, 0) and radius 1//; and let S; be the solid of revolution
obtained by rotating D, about the y-axis. Thus S is a solid torus with F’ as a
spine, and N; S/ = F’.

Let P| be a set of m, points P|,; of F’, equally spaced on F’. (We recall
that m; is the number of points in P;) Given an ascending sequence
P, P}, ..., P} such that U{_, P, is the image of U/, P, under a bijection
P.oP, which preserves cyclic order on F and F’, we form P;,, so as to
preserve this property, in such a way that the points of P;_, that lie on each
“short arc” from P,; to P/4;, 4 are equally spaced on the short arc. Thus the
bijection P; «> P; can be extended to give a bijection P, , &P}, |, preserving
cyclic order. By (2) of Theorem 10.1, P;,, decomposes F’ into arcs which are
at most one-fourth as long as the longest short arc of the type P, P, 4 4. It
follows that U ; P; is dense in F".

For each i,j, let H; be the half-plane with the y-axis as edge, passing
through P/,;. Then for each i, { H;} decomposes Bd S; into annuli M;; H;
intersects S/ — Int S/, in an annulus 4;’; and the sets A;° decompose
S/ — Int S/, , into solid tori §;

It is a straightforward matter to define a triangulation K(S;) of S
(obviously not rectilinear in R®) such that (1) F’ forms a subcomplex of K(S})
and (2) each set M|, forms a subcomplex of K(S;). Evidently K(S;) gives a
PL structure in Sj.

Evidently there is a homeomorphism

h,:Bd S~ BdPrsS,
such that
h,(MfJ) =PrM,; (1<j<m),

and A, can be constructed so as to be PL relative to K(S}) and K(U).
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Construction. For each i, j, let
Ji=M_,N M;=BdA4;’ nBdS.

First define A on U; Jj, so that h(J{;) = PrJ,; for each j. Then, in each
set M;;, extend h, to two disjoint broken lines in M;;, joining the two
components of Bd M, and intersecting Bd M;; only in their end-points;
these are mapped by the extended h, onto broken lines in the corresponding
sets Pr M, ;. It is easy to ensure that the extended A, is PL. Now each of the
sets M{;, Pr M,; is decomposed into two combinatorial 2-cells; and for
appropriate choice of the initial A, (“preserving orientation”), the boundaries
of the two 2-cells in M;; will be mapped onto the boundaries of the two
2-cells in Pr M, ;. Therefore h, can be extended again so as to give the desired
PL homeomorphism 4,: Bd S| < Bd Pr S,.

In further extensions of 4,, we shall not care whether our mappings are PL.

The xz-plane intersects each set S in the union of two 2-cells d;,, ),
with d; | lying inside F’ and d;;, lying outside F’. (The geometry here is clear,
and so we need not list the ways in which these 2-cells intersect the sets
already defined in S;.) We have already defined

h;: Bd S{ < Bd Pr S,.
Suppose that we have an extension
h: S —IntS/ -<PrS, —IntPrS,
such that
k() =PrJ; (1<j<m).
We then extend #4; to all arcs
b = djy N d 1 CA sy

so that these are mapped onto disjoint broken lines b, in Pr 4;, intersecting
Bd §;., in points p;;. For k =1, 2, let ¢, be disjoint broken lines in the
annulus Bd Pr S; N Bd Pr S, joining p;; t0 p;;, 4, and intersecting the
boundary of the annulus only in their end-points. We define an extension
h; ., of h; such that

hi+|(b.3'k) = by B ( i N Bd Siv1) = €ijk+

We choose the broken lines ey in such a way that (1) A, ,(Bd dj) is
latitudinal in Pr S; and (2) each of the polygons U e, (k = 1, 2) intersects
each set PrJ;,,, in exactly one point. For k = 1, 2 let dj; be a polyhedral
2-cell in Pr S; such that

Bd dijk = i+I(Bd dij/'k);

we choose these 2-cells so that they are disjoint.
Now any homeomorphism between the boundaries of two cells can be
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extended so as to give a homeomorphism between the cells. Thus we can

extend k., so that h, ,(4;) = A; for each j. The arcs dj N Bd S/,

decompose each set Bd S/, , N Bd §; into two 2-cells, each of which inter-
sects each set J/, ,, in an arc. We extend A, , to each of these 2-cells, in such

a way that
by (Bd S/, N Bd S;) = Bd Pr S, N Bd PrS;

ij
and we choose these extensions in such a way that h,, (J/,,,) = PrJ,,,, for
each r. Now d;, U d;;, decomposes S;; into two 3-cells, and 4, .| has already
mapped the boundary of each of these onto a polyhedral 2-sphere in Bd Pr S,
U d,;, U d,;,. Thus h; . can be extended to give
hi+l(Sij,') =Pr S;_‘,’:
hiyr(S{ —Int §,)) =Pr §; — IntPr S,
hi+l("i,+l,r) =PrJi,,,

for each r. Inductively, we get an ascending sequence h,, h,, ... of
homeomorphisms whose union is a homeomorphism

h:S{~ F ePrS, —PrF.

By continuity, we can extend h to F’, so that A(S|) = Pr S,; the verification
depends on Theorem 11.4.
Evidently the above proof proves more than the theorem, namely:

THEOREM 11.6. Pr S| has a triangulation K (Pr S,) such that (1) Pr F forms a
subcomplex of K(Pr S,) and (2) the identity mapping Bd Pr S, &Bd Pr S, is
PL relative to K(Pr S,) and K(U).

PROOF. Let K(Pr S)) = {o]o = h(7), € K(S)).

THEOREM 11.7. Q has a triangulation K(R) in which Pr F forms a subcom-
plex.

ProoF. We have triangulations K, = K(Pr S,) and
K=K —IntPrS))={olo € K(U),oCcQ—IntPrs,};

and the relation between these in PL in Bd Pr S,. Thus the two induced
triangulations of Bd Pr S, have a common subdivision; and this subdivision
can be extended to give subdivisions Kj, K; of K, and K. Let K(Q) = K| U
K;.

THEOREM 11.8. @ is a 3-manifold, and Pr F is tame in Q.

Proof by Theorems 11.5 and 11.7.
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12. Proof of Theorem 1.4. Let M, K(M), and F be as in Theorem 1.4, and
let D be a tame 2-cell such that Bd D = F. Since D is tame, Int D is also
tame. By Theorem 3.4 there is a homeomorphism h: M < M such that
h(Int D) is a polyhedron (necessarily infinite) relative to K (M) and A|F is the
identity. Let 4 be an annulus in A(D), such that F is a component of Bd 4
and the other component of Bd 4 is also a polygon. Lemma (2.1) of [Mj]
asserts that for every neighborhood U of F there is a homeomorphism A’:
M < M, such that (1) h'(A4) is a polyhedron and (2) 4’ is the identity at each
point of F and at each point of M — U. (In fact, this lemma was stated for
the case M = R? but the corresponding result for arbitrary triangulated
3-manifolds follows by the same methods. Since D has a 3-cell neighborhood
in M, the general result is also derivable from the special result, with the aid
of the Hauptvermutung.)

It follows that F is the boundary of a 2-cell which is polyhedral relative to
K (M), which was to be proved.

A final remark. In §1 it may have seemed more natural to say that a tame
1-sphere is unknotted if it bounds a 2-cell (tame or not). But in fact it makes
no difference. Given J = Bd D, where J is tame and D is a 2-cell, let A be a
homeomorphism M < M such that A(J) is a polygon. We can then show that
h(J) is the boundary of a polyhedral 2-cell; the proof is a minor variation on
the familiar process by which the Dehn Lemma is deduced from the Loop
Theorem. (See, for example, [MGT, pp. 197-199].) Therefore J is the
boundary of a tame 2-cell, and J is unknotted in the sense defined in §1.
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